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PHASE I 

ANALYSIS OF THERMAL TEST ERRORS RESULTING FROM 
IMPERFECTLY COLLIMATED SOLAR SIMULATION BEAMS 

1.0 I NTRODUCT I ON 

The document contained herein represents the final technical report 

on Phase 1 of Jet Propulsion Laboratory Contract No. 951330. 

An ideal solar sirnulator source is considered to be an optical system 

which provides an incident illumination field on the surface of a test 

item, the properties of which are independent o f  position on any portion of 

the test item which has an unobstructed view of the source. A collimated 

solar simulator source provides an illumination field which is entirely 

within a total cone angle identical to that of the sun, Oo 32' in earth's 

orbit. A decollirnated source provides a field, the cone angle of which 

is larger than that of  a per-fectly collimated source. 

One of the problems associated with thermal testing of a spacecraft 

in a space simulation chamber is that of evaluating errors due to non- 

collimation of simulated solar light beams in the chatiiber. This report is 

concerned with numerical evaluation of two of  the effects of noncollimation: 

(1 )  in incident energy flux on black flat surfaces at various angles to the 

mean light ray; (2) in incident energy flux on black flat surfaces in the 

region of shad& (penumbra) cast by various surfaces due to the decollimated 

' I  

solar simulator sources. 

The technique used to calculate the required radiation shape factors 

represents a departure from the standard method of double' integrating a scalar 

function associated with the intensity distribution of the emitter (source) 
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and geometries of the emitter and receiver. The power transmitted from * 
a differential element of source to a point on a receiver can be represen- 

ted by a vector since the direction from which the power comes is as impor- 

tant as i t s  magnitude. The double integrals which must be evaluated in 

conventional methods can frequently be expressed as integrals of the scalar 

(dot) product of a receiving surface normal vector and E! pcwer vector frmi 

a point on the source to a point on the receiver. For the sources and 

shading bodies considered in this report, evaluation of t'he vector integral 

is equivalent to calculating the area of the visible portion of the source 

and locating the centroid of that visible area. 

The numerical results presented are in the form of  energy flux density ' 

distributions within penumbrae for various shaded su'rfaces illuminated by 

e solar simulation models corresponding to: (a) a uniformly radiating cir- 

cular disc and (b) a module source with each module being a uniformly 

radiating circular disc. The shaded surfaces considered are: 

( 1 )  Single knife edge 

cu 

to 

(2) 

(3) Double knife edge 

Knife edge with a diffuse or a specular skirt 

(4) Rectangular "cy1 inder" having diffuse or specular reflective 

p rope t t i es . 
(5) 

The actual solutions were implemented through the use of digital cal- 

Circular cy1 inder having diffuse or specular $reflective properties. 

ating programs. However, the methods of solution outlined are applicab e 

other forms of calculations- 
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2.0 METHOD OF ANALYSIS 

A detailed description of the analytic approach used in obtaining 

solutions is presented in Section 2.1. The application of the method 

detailed in Section 2.1 to the general class of unshaded and shaded sur- 

faces considered in t h i s  report is described in Section 2.2. The solu- 

tions corresponding to particular shaded surfaces illuminated by a uniform 

solar simulator source are presented in Sections 2.3 through 2.7. Solu- 

tions appropriate to module solar simulator sources are presented in 

Section 3.0. 

2.1 DESCRI PTI ON OF ANALYTICAL APPROACH 

Enerqy Exchange Between Two Black Bodies 

Consider two black bodies separated by nonabsorbing media. Let the 

hotter body, the emitter, be referred to as A and the receiver be refer- 1 
red to as A2. The geometry under consideration is shown in Fig. 

-3 -__-- 

/. normal to A, . 

O1 f 
normal to A, 

FIG. 1 

1 .  
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The rate of radiation from a differential area on AI, dAl, to a 

differential area on the receiver, dA2, will be proportional to the 

apparent area of the emitter, dAl, viewed from dA2 o f  dAlcosO the 

dA2, viewed from dAl or dA2c0s0 and apparent area of interceptor, 

inversely proportional to the square o f  the distance separating dAl and 

1, 

2’ 

7-1 . inerefore, referring to Fig. i 

I dA c0s0~dA~cos0~ 1 1  
I =  2 r 2 (2.1.1) 

where 

d(dq12) = Radiation leaving surface dAl that is intercepted 
by dA2- 

I1 = Intensity of radiation and is defined as the radiant 
energy propagating in a particular direction per 
unit solid angle per unit area dA as projected on a I plane perpendicular to the direction of propagation. 

Now note that 

1 dA1cOsO1 = projected area of dA in direction 0 1 

dA2c0s02 
= solid angle subtended by dA2 at dAl 2 r 

I l d A l c ~ ~ O l  

r d(dq12) = 2 dA2 co s 0 2 (2.1.2) 



. .  

Trans i t ion  t o  Vector Notation 

Define a vector dE tha t  has t h e  same d i r e c t i o n  as an a r b i t r a r y  vector 
- 
r and a magnitude equal to the energy f l u x  densi ty from an area dA, t o  an 

area normal t o  7 (dA ~ 0 ~ 0 ~ ) .  

A1 o r  A2, the source, A,, can be considered on the surface o f  a sphere o f  

radius, r, and centered a t  dA. Then O 1  = 0 and from Fig. 1 and Eq. 2.1.2 

I f  r i s  much larger  than any dimension f i x i n g  2 

and 

I19 
dE?2 = T ( 4 )  r (2.1.4) 

Let 

- 
~ dA2 = vector having magnitude dA and d i rec t i on  normal t o  
~ 

I plane o f  A2 2 

- dA2 = d A 2 { 2 }  

S i nce 

(2.1.51 

- -  
A e B = AB cos (Lbe tween  and E) 

Eq. (2.1.2) can be expressed using vector no ta t ion  simply as 

(2.1.6) 



f 

where the minus s ign i s  due t o  the fact  tha t  dA and dE 
d i rec t ions  as indicated i n  Fig. 2. 

are i n  opposite 
2 12 

dA2 

FIG. 2 

/' 

The energy f l u x  a t  dA due t o  the complete source i s  found by in tegra t ing  

over A and interchanging the order o f  scalar product and the integrat ion.  

From Eq. (2.1.6) 

2 

1 

dql 2 = -X2.fPI, 

or, i n  general 

-€I 

(2.1.8) 



Equation (2.1.8) exhibits the principle that the integrated radiat on 

from all parts of  the actual source, S, to dA can be represented by rad a- 

tion from a single point source. 

since S must be defined to include areas of source "seen" on the 

positive side of  dA and only those areas. This last rule is interpreted . 

by the example i n  Figs 3. The area, S, 111u5i: include S (the visible part 

of a direct source composed of S 1  and S2) and Sq (the visible part of a 

reflector "source" between the real source and dA). 

S or S (since dA cannot ''see'' them) nor S (since S is not illuminated). 

Care must be taken in using this fact, 

1 

Area S must not include 

2 3 5 5 

. -  
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Referring to Fig. 3 and Eq. 2.1.7, it is evident that S 1  and Sk can 

be treated separately, so that 

or, in general 

n 

E =  

1 i = l  S 

where the S. are convenient 

illumination. 

I 
y separab 

(2.1.9) 

e areas of direct and reflected 

The next question which arises is that of evaluating the effective 

position of a point source which represents the visible portion of an 

otherwise simple shape. It is obvious from symmetry considerations that 

the equivalent point source for a circle is at the center of the area. 

For uniform intensity surfaces on a spherical source, the.location of 

the equivalent point source i s  at the centroid o f  the visible area, and for 

nonuniform intensity, it is at the centroid found by weighting the differen- 

tial area elements, dS, with the local intensity. For surfaces not on a 

sphere, the equivalent point passes through the centroid of the area 

weighted by 

in Eq. 2.1.4. 

These facts are evident from the definition of given 2 -  r 

- A  E = 1 p{l)dS 

'vis i ble 

(2.1.10) 
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= 1  - where, in Eq. 2.1.4, dS = dAl and I = 

Equation (2.1.10) has exactly the fonn used in elementary mechanics to' 

find centroids of  weighted areas. 

E does not have units of distance and, hence does not end on the physical 

The only difference i s  that the vector 

cent ro 

I '  
I 
I 

I 

- 
d of the surface in question. However, E', defined by 

(2.1.11) 

i s  a vector which terminates at the weighted centroid, and Eq. (2.1.11) 

shows that E is merely a scalar multiple of F' 

2.2 METHOD OF ANALYSIS FOR UNSHADED AND SHADED SURFACES - GENERAL 

The method of analysis was simplified by the following assumptions 

( 1 )  The source is on the surface o f  a sphere centered at dA, i.e, 

dE is considered normal to,the source for any point in the 
- 

penumbra. 

(2) The distance from any point in the penumbra to the source is 

much larger than any other characteristic dimension. 

(3)  Lower order trigonometric approximations are appropriate, i.e., 
2 sin (D/2) = tan (D/2) = D/2, and cos (D/2) = 1 - D /8. 

where D i s  the solar field angle and defines the cone of radiation. 



i 

Unshaded Surface 

With no umbra or penumbra present, an element area dA "sees" the 

e n t i r e  source. Consider t w o  d i f f e ren t  so la r  simulator sources each w i t h  

an i n tens i t y  d i s t r i b u t i o n  tha t  possesses a x i a l  symmetry. Then 

(2 .2 .1)  

where Ti i s  defined i n  Eq. (2.1.11). 

of the t o t a l  power from each source i s  the same, then from Eq. (2.1.3) 

I f  i t  i s  assumed t h a t  the magnitude 

- i  - !  
1 : E l (  = / E 2 !  I (2 .2 .2)  

or 

Inspection o f  Eqs. (2.1.11),  (2.2.1) and (2 .2.3)  leads to  the r e s u l t  

(2.2.4) 

e 

tn general, a l l  so la r  simulator 'sources of equal power tha t  have 

i n t e n s i t y  d i s t r i b u t i o n s  tha t  possess a x i a l  symmetry have the same power 

vector. Furthermore, of most importance, f o r  unshaded geometries a l l  

ideal  so la r  simulator sources w i t h  the same E vector are equivalent t o  

the same p o i n t  source and produce energy f l u x  densi ty on a f l a t  black 
I 



i 

p l a t e  given by 

( 2 . 2 . b )  

independent of the source i n tens i t y  d i s t r i b u t i o n  w i th in  the symmetry 

r e s t r i c t i o n s  and independent of the deqree o f  decoll imation. 

The e f f e c t  of incident angle on the energy f l u x  densi ty on unshaded 

surfaces i s  now evident.since, by d e f i n i t i o n  of the scalar product o f  two ' 

vectors, Eq. (2.2.4) i s  evaluated as 

lis = E cos f3 dA 

where f3 = angle between 

s i t y  on unshaded surfaces var ies as the cosine o f  the angle o f  incidence, 

fo r  a i l  symmetric sources. 

and dA vectors. Therefore, the energy f lux  den- 

B, 

Shaded Surface 

When a body i s  placed between the source and receiver, a po in t  on 

the receiver i n  the penumbra due t o  the shading body has an obstructed 

view o f  the source. If d i f f r a c t i o n  e f fec ts  are ignored, then, from 

simple geometric considerations, i t  can be reasoned tha t  for  each point  

i n  the penumbra there i s  some plane contained i n  the shading body 

perpendicular t o  the mean l i g h t  ray tha t  acts as t h e  part lcu!ar  shsding 



body to that point. That is, every shading body may be considered composed 

of single knife edges. It follows that the solution for a single knife 

edge and the other shading bodies are intimately related. The solutions 

for the va'rious shading bodies are obtained using the energy flux density 

distribution correspond ng to a single knife edge and geometric properties 

associated with the var ous penumbrae. 

* 

. 
2.3 METHOD OF ANALYSl S - SINGLE KNIFE EDGE 

Using the principle of replacement of the vislble source by an equiva- 

lent point source, Eq. (2.1.8), the problem is reduced to finding the area 

and centroid of the circular segment of *the part of the source which is 

visible from each point in the penumbra. The problem is described, pictorially, 

in Fig. 4. 
e 

I 
centroid of 
visible area 

h' ' 

I unshaded 1 

FIG. 4, 

-12- 



The deta i led  geometry and the natural parameters of the system are  shown 

i n  Fig. 5. 

\. 
'Itop view" 
of source 

FIG. 5 

The power incident on an area element dA i s  

The energy f l u x  density i s  

(2.3.11 

-13- 



Utilizing the geometrical properties of a circular segment, we find 

for a uniform source 

1 (a - y sin 
2 r B E =  (2- 3-31 

The energy flux density at dA is, when normalized against the value 

which would be found outside the shadow, 

A ,cos[$ - D {i - 
%ot a 1 

Q =  

where 

a = cos - 1  {I - ?} 
and 

1 
D 

O < C X < B  

(2.3.4b) 

(2.3.6) 
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Equation (2.3.4b) shows tha t  i n  ca lcu la t ing  the r e l a t i v e  f 

s i t y  i n  the penumbra there are two ef fects :  

( 1  1 The magnitude o f  the incident vector i s  reduced by 

ux den- 

/A A v i s i b l e  t o t a l  

(2) The d i rec t i on  o f  the vector i s  changed so tha t  i t  passes 

through the centro id  o f  the v i s i b l e  area rather  than through 

the centro id  o f  the t o t a l  area o f  the source. 

Now consider the k n i f e  edge f ixed i n  pos i t ion  a t  the conical axis. 

The e f f e c t , o f  considering the kn i fe  edge f i x e d  as compared t o  a k n i f e  edge 

a t  various pos i t ions o f  i nse r t i on  i s  discussed i n  Appendix A. The asso- 

c ia ted  geometry for the f i xed  kn i fe  edge i s  shown i n  Fig. 6 .  

i 

. _ .  

t 
i 

! 
i 

4 
i 
! 
i 
R 

i 
t 

i 
! 

!it--.--. 

&---- I 

a a'x'cosf3 

FIG. 6 



I n  Fig. 6, R = distance from the receiver t o  the source. Note for 

R > > d  

e2 - e l  = D - eT = D { l - > }  (2.3.7) 

= tan By + d (2.3.10) (Z)alb' 

Therefore, the pos i t i on  i n  the  penumbra may be expressed i n  terms of  

eT/D. 

The next step i n  the analysis involves the re la t ionsh ip  between any 

given po in t  in  the penumbra and QT/D. 

system centered a t  A. 

Consider an orthogonal coordinate 

The equations for  the ray t ra jec to r ies  are given as: 

(z I = tan 02y 

The equation for the receiv ing surface i s  given as 

The y i n te rcept  o f  a general r a y  and the receiv ing surface i s  given by 

(2.3.11 ) d 
tan Q i  - tan f3 Y =  

-16- 



t -  -- 

so t ha t  

a'x'cose = Y a l  - Y x l  

and from Eq. (2.3.11) 

(2.3.12a) 

1 (2.3.12b) 1 - 1 
a'x'cosf3 = tan - tan  f3 tan e2 - tan f3 

Solving for tan Q 2  

(2.3.13) 1 
1 

tan 9 ,  - tan f3 
a ' x '  

d - -  cos f3 
tan e2 = tan f3 + 

a ' x '  
d Let us examine the term - . From s im i la r  t r iang les  

2 s i n  -@ ab 
d d 1 - -  R 

- =  

w i t h  the assumptions 

d - << 1 R 

Equation (2.3.14) reduces t o  

ab = dD 

(2.3.14) 

(2.3.15a) 

' (2.3.16) 
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so tha t  

a ' x '  a'x'  
d ab 
- = D- = 

where 

. (2.3.17) 

loca t ion  i n  penumbra given as a f r a c t i o n  of the 
t o t a l  length o f  the penumbra 

a 'x '  
a 'b '  
- x  

Using Eq.  (2.3.12b) 

I 1 
tan(180-G1) - tan f3 

- 1 
tan el - tan f3 

(2.3.18) 

a 'b '  cos@ = d 

Combining Eq. (2.3.16) w i t h  Eq. (2.3.18) and so lv ing  for  - a'b'  ab y ie lds  

a 'b '  2 - =  
ab 

Now combining Eq. (2.3.19), (2.3.17) and (2.3.13) and no t ing  

(2- 3-  19) 

y ie lds  

D 1 - 2 tar@ 

1 .T'{ D 
1 + 5 tanf3 

(2.3.21) tan 9 i tan G2 = 

I 

(2.3.20) 

-18- j 



but re fe r r i ng  t o  Fig. 6 

1 xo ao - ax 
d 

.- = - =  
tan e2 d 

or using Ea. (2.3.16) 

- =  1 
tan e2 D {i - z} 

but 

so tha t  

ax 8T 
- =  ab l - 0  

(2.3.22) 

(2.3.23) 

(2.3.24) 

and the pos i t i on  i n  the 8T 
Fina l  ly,  the funct ional  r e l a t i o n  b'etween D 
penumbra i s  given by 

1 
2 + -  1 eT - =  

D D tan e2 (2.3.25) 

w i t h  tan 8 2 given i n  Eq. (2.3.21). 

The pos i t i on  of the conical  axis i n  the penumbra as a f r a c t i o n  of 

the t o t a l  penumbra length i s  given as 



-- - r 

- a ' 0  = .L (,+gtan,> 
a'b' 2 2 (2.3.26) 

The method of solution for the single knife edge is outlined as 

follows: 

(1) For D and f3 = 

as a function of position in penumbra, - a'b'' 

constant, calculate tan e2 from Eq. (2.3.21) 

a'x' 

eT (2) For a given - a'x' with a corresponding tan €I2, calculate - D a'b' 

'from Eq. (2.3.25) 

eT (3)  Using the ij- from step 2, calculate the relative energy flux 

density from Eqs. (2.3.5), (2.3.6) and ( 2 . 3 . b )  

2.4 METHOD OF ANALYSIS - KNIFE EDGE WITH A SKIRT 

The characteristic of the f l u x  density distribution in the penumbra 

wi 1 1  depend on the reflective properties of the skirt (flat plate) as we1 1 

as the reflectance. 

indicated in Table I. 

The possible conditions considered in this report are 

-20- 



. . . ,  .- ._ . . . . 

1 

TABLE I 

Obviously, for reflectance = 0.0 (black body), the flux density distri- 

bution for the specular or diffuse skirt will be identical. The method 

of analysis for a specular skirt and diffuse skirt with reflectance = 1 

is indicated in Sections 2.4.1 and 2.4.3, respectively. 

0 

I Property i Reflectance 

2.4.1 Specular Skirt, Reflectance = 1.0 

A specular reflective surface is defined as a surface that reflects 

incident energy according to Snell's law; i.e., the angle of reflection 

equals the angle of incidence. The particular geometry associated with 

a specular skirt is shown in Fig. 7. 



A '  8' B A  

FIG. 7 

Consider a point x on the receiver. Due to  the sk i r t ,  the rad ia t ion  

from the area of  the source indicated byAB in  Fig. 7 Is cut  off. 

due t o  specular r e f l e c t i o n  x "sees" the m i r r o r  image of area AB, i.e., x 

I t  sees" A 'B ' .  In fact, any po in t  on the receiver (0 < ax,< ao) "sees" i n  

the specular s k i r t  an image of the p a r t  o f  the source which i s  obscured 

by the s k i r t .  Therefore, the e f f e c t  o f  the specular s k i r t  i s  the same 

However, 

as lowering the kn i fe  edge from d2 t o  d , .  

-22- 



I 

2.4.2. Diffuse Sk i r t ,  Reflectance = 0.0 

With ref lectance = 0.0, the d i f fused s k i r t  may be t reated as p a r a l l e l  

s ing le  k n i f e  edges. The per t inent  geometry i s  shown i n  Fig. 8. , 

The actual  length o f  the penumbra i s  def ined by the region a 'b '  In  F1g. 8. 

The f l u x  densi ty d i s t r i b u t i o n  In the penumbra region a 'o  i s  i den t i ca l  t o  

tha t  obtained considering a k n i f e  edge a t  d2. 

i n  the region ob' may be obtained fo r  a s ing le  k n i f e  edge a t  dl. 

S imi lar ly ,  the d i s t r i b u t i o n  

Let 

a 'x '  - =  
a'B' pos i t i on  i n  penumbra f o r  a s ing le  k n i f e  edge a t 'd2 .  



and 

a ' x '  

a ' b '  dl and d 
. - = actual posit ion In  penumbra for  p a r a l l e l  k n i f e  edges a t  

2' 

Consider the condit ion where 

The actual posit ion i n  the penumbra may be expressed as 

I f  i t  i s  assumed R >> d then referr ing t o  Fig. 8, 2' 

a'B'  a 'o  + OB' 
a ' b '  a ' o  + ob' 
- =  

From simi lar  t r iangles 

- d -  a ' 0  a0 
A'o ,  Ao 

ob ' ob 
OB OB 
- h -  

(2.4.1 ) 

(2.4.2) 

. .  
(2.4.4) 

so that  
J 
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Using the law of sines 

sin (e , -$)  
A 0  
A'o sine; 
- I  

and 

sin 
ob'. 
ob 'zpg - =  

also. 

OB - -  1 
ao 

and for R >7 d2 

ob d l  D/2 d l  
ao d2 D/2 d2 
- = - a -  

(2.4.6) 

(2.4.7) 

(2.4.8) 

(2.4.9) 

Substituting Eq. (2.4.6), (2.4.7), (2.4.8) and (2.4.9) Into Eq. (2.4.5) 

yields 

s in (e,+) 

which reduces to 

(2.4.10) 

(2.4.11) 



. ,  

where 

D (2.4. i ra) ctn = 

a'x' 
Substituting Eq. (2.4.11) into Eq. (2.4.1) and solvlng for a" yields 

D d l  r~ + $ tang + (1 - y taM) - 7 
(2.4.12) 

d2 J 
L a'x' 

a'3' a ' b '  2 

a'x' a'o O I a - " i a ' b '  

where 

D 1 + y t a w  a ' 0  - =  
a'b' D D d l  a d2 

I + t a M  + ( I  - y tan@) - 
(2.4.13) 

Equation (2.4.12) i s  interpreted as follows: 

a'x' 'The energy flux density at any point in the actual penumbra, 7, a b  I S  

equivalent to the energy flux density at a point - a'B' in the penumbra 
a'x' 

o f  a single knife edge at d2." 

Now consider a point in the actual penumbra where 



The position i n  the penumbra may be expressed as  , 

a ' x '  a'x '  A'b' 
a'b' A'b' a'b' 
- = - -  

or referring to Fig. 8 

a ' o  A'o A ' x '  A'b' 
a'b' . + m}{x} 

Since for  R > >  d2 

a'o A'o 
ao Ao 
- i - .  

Then from Eq. (2 .4 .6)  and (2.4.7) 

ao  D - a'o 
A'b' .Ab = - ( 1  + 7 tan@) 

(2.4.14)  

(2.4.15) 

(2.4.16) 

(2.4.17) 

(2.4.18) . 

(2 .4.19)  
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a 
but  from Eq.. (2.4.9) 

ao ao 1 d2 

dl 
- = - . - 3 1 - -  

Ab 20b 

so t h a t  

0 1 + - 2 tang 
a g o  
A'b' 2(d,/d2) 
- e  

The term ~b A'o i n  Eq. (2.4.15) can be obtained by ana 

(2.4.13) w i t h  7 = 1. 
dl 

2 

1 D A'o 
A ' b '  = y ( 1  + tan@) - 

(2.4.20) 

(2.4.21 j 

(2.4.22) 

Subst i tu t ing Eq. (2.4.21) and (2.4.22) into Eq. (2.4.15) and solv ing 
0 

for ' A" A ' x '  y ie lds  

i n  Eq. (2.4.23) 

a'b' a'B' a 'b '  
A'b' A'b' a'B' 
- = - -  

aB a'b' 2ao a'b'  
Ab a'B' 20b A'B' 

e: -- -- 

(2.4.23) 

(2.4.24) 



. 

and f rom Eq. (2.4.9) and (2.4.11) 

D D dl 

a'b'  2 2 d2 
1 + - tan@ + (I - - tane) - 

- =  
A'b' 

(2.4.25) 

The p o s i t i o n  of the conical  axis i n  the penumbra i s  given by Eq. (2.4.13). 

The technique used f o r  the so lut ion o f  the d i f fused s k i r t  w i t h  

ref lectance = 0.0 i s  as fo l  lows 

( 1 )  For a given d,/d2 determine the pos i t i on  o f  the conical  axis, 

a 'b  ' 
- a'o in the penumbra from Eq. (2.4.13). 

(2) For pos i t ions  in  the penumbra such tha t  

defined by Step (1). Calculate the equivalent a ' o  w i t h  - a'b'  

pos i t i on  i n  the penumbra f o r  a s ing le  k n i f e  edge, a", 
from Eq. (2.4.12). 

a ' x '  

(3) The energy f l u x  densi ty  a t  a" a'x '  i s  then fohnd by subs t i t u t i ng  

i n t o  Eq. (2.3.21) and cont inu ing i n  a a ' x '  
the equivalent a" 
manner ident ica l  t o  tha t  for the so lu t ion  o f  a s ing le  k n i f e  

edge, i.e., determine e,/D f rom Eq. (2.3.25) and the r e l a t i v e  

f l u x  densi ty f rom Eq. (2.3.5), (2.3.6) and (2.3.4a). The energy 

i s  the required f l u x  densi ty a 'x '  
f l u x  densi ty corresponding t o  a" 

a ' x '  
a t  a po in t  i n  the actual  penumbra, m. 
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L 

that  

culate  the equivalent 

(2.4.23) 

(4). For positions I n  the penumbra such 

wi th  SI defined i n  step ( 1 ) .  Ca - -  
A'x '  posi t ion of a single kni fe  edge, f rom Eq. 

(5). The required f l u x  density i s  determined from step (3)  
a ' x '  A ' x '  

replacing a" by A". 

2.4.3. Diffuse. Sk i r t ,  Reflectance = 1.0 

. Assume the s k i r t  i s  located along the conical axfs. The associated 

. .  

geometry i s  schematically represented i n  Fig. 9. ' 

i 

FIG. 9 



e 
F i r s t  note tha t  On the penumbra region ob' the e f fec t  of the s k i r t  

can be ignored. Furthermore, the  energy f l u x  densi ty d i s t r i b u t i o n  

i n  the penumbra can be obtained by superposition o f  the d i s t r i b u t i o n  

obtained i n  Section 2.4.2, diffuse sk i r t ,  ref lectance -- 0.0 and the 

d i s t r i b u t i o n  due to the sk l r t .  

The d i f f use  s k i r t  acts as a secondary source o f  uniform in tens i t y  

since each po in t  on the s k i r t  "sees" the same f r a c t i o n  of actual  source. 

For nota t ion  sake, l e t  the subscripts 1 and 2 re fe r  t o  the primary and 

secondary source respectively. The energy inc ident  on a d i f f e r e n t i a l  

area a t  a po in t  x i n  the penumbra may be expressed i n  the.form o f  Eq. 

(2.1.8) as 

(2.4.26) 

where 

- 
= power vector from par t  o f  source seen by dA E l x  X 

- 
= power vector from di f fuse s k i r t  E2x 

Equation (2.4.26) can be w r i t t e n  as 

dqX 
P 

dqlx + dq2x (2.4.27) 

where now 

- -  
= - d -  = energy f l u x  due to source (2.4.27a) *q lx  x E l x  

I 



i 

Let  us concern ourselves w i t h  the energy f l u x  due t o  the s k i r t .  

The energy incident on dAx from the di f fuse. s k i r t  Is some f rac t i on  o f  

the energy incident on the s k i r t  from the source. The energy incident 

on the s k i r t  i s  given by. 

E12 dq2 = - dA2* (2.4.28) 

whe re 
- 
E12 = power vector from p a r t  o f  source seen by the s k i r t  

Since the s k i r t  has a ref lectance = 1.0, the t o t a l  incident energy w l l l  be 

r e f l e c t e d  i n  a manner not as yet  specified. The skirt d; the t o t a l  
\t 

(2.4.29) 

The equivalent po int  source seen by the s k i r t  is located a t  the cent ro id  

of the v i s i b l e  area since the source is considered uniform. The angle 
I 

between if and the normal vector, z2, t o  the s k i r t  . i s  then 12 

+ = 90 - tan-! (.2122D) - (2.4.30) 

as indicated i n  Fig. 10. 

1 

i 
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. FIG. -10 
1 

The total energy incident on the skirt i s  then 

= A2E12cos$ (q2) tota 1, (2.4.31) 

Substituting $r fran Eq. (2.4.30) and E12 = lr121 from Eq. (2.4.29) 

into Eq. (2.4.31) yields 

I 

(2.4.32) A2 - 1  = - sin(tan .2122D) 
(‘2) tot a I 2 

where 

AZ = area of  skirt 

i i  



In Eq. (2.4.32), (q2)total is the total energy reflected in all 

directions in the hemisphere surrounding the skirt. Each differential 

area of  t h e  skirt will distribute energy in the hemisphere surrounding 

the differential area according to Lambert's law of diffuse radiation 

(Ref. 2 ). 

Let& = a vector defined as the maximum energy flux/unit skirt 

area radiated from the skirt in a direction normal to 

the skirt. 

Since the skirt is a secondary source of uniform intensity, each differen- 

tial area of the skirt radiates in a hemisphere a quantity of energy equal 

to 

where 
- r is a unit radius vector 
dA is a differential area on the hemisphere of-radiation, 

S 
= R&,; Rsinr,: (see Fig. 1 1 )  (2.4.34) 

F I G .  1 1  

i 



, 

1 

Figure  12 



0 0  

= du7rft2 

Let 

(2.4.35) 

(2.4.36) 

dqp, = the energy received/unit area o f  the receiver a t  
a point, x, on the receiver. dA 

X 

n2 = u n i t  vector normal t o  the s k i r t  

I+ 
I! 
I 

I! = u n i t  vector normal t o  the receive ' 1  n 
11 X 

i 
i 

Referring t o  Fig. 12, i t  can be seen that i 
I 
I 

a t  x 
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The d i f f e r e n t i a l  area on the sk i r t ,  dA2, may be transformed i n t o  

an equivalent d i f f e r e n t i a l  area, dA on a sphere of radius, R 
S’ 

- -  
dR = d A 2 r y  (2.4.38) S 

(2.4.39 j -- dAS 
nir = - dA2 

NOW 

da -- r. n dA = -  
x s  dA2 

Referr ing t o  Fig. 12, p.34a 

dA = R 2 ~ i n B , , d 0 ~ d 0 ~  
S 

S u b s t i t u t i n g d u f t m  Eq. (2.4.36) and dAs from Eq. (2.4.41) i n t o  

Eq. (2.4.40) y ie lds  

(q2)tota1 7.; R 2 ~ i n 0 ~ d 0 ~ d B ~  
d f e }  = A2nR2 X 

- - (q2)tota1 r.n sin0 d0 d0 x 1 2 1  A2n 

(2.4.40) 

(2.4.4 1 ) 

(2.4.42) 



but from Fig. 12 

-- 
r. n = cosf3cos0, - s inps X 

so that 

n0 cos0 1 2  (2.4.43) 

dB2d0 

.4.44) 

Symmetry about.the xy-plane has been utilized to alter the limits of inte- 

gration in the above expression by multiplying by 2 and integrating frm 

0 to 022. Integration of  Eq. (2.4.44) yields 

cosf3 022 2 [: s i n20 1 jB12 
* 4  - sinpsin~ [2 - ;in20 1 '12 

O11 
22 2 1 

0 1  1 

(2.4.45) 

Let Q' = relative energy flux density in the penumbra contributed 
by diffuse reflection from the skirt 

The relative energy flux density outside the penumbra being received 

by direct radiation from the source is 

cos0 r =&I. 
R2 

A l  



Therefore, from Eq. (2.4.32) and Eq. (2.4.45) 

c o s q  - i 
, R2 

n- 
012 L y - B (2.4.46) 

The remaining task i s  t o  define the angles 011, 012 and 022 in  terms 

of  the pos i t ion  i n  the penumbra, dl/d2, and the width of the s k i r t .  

re la t ions w i l l  be developed u t i l i z i n g  Fig. 13. 

These 

/ 
/’ 
L 

Y ./1 

/I’ 1 Skirt 
012 ,/’ 

j- 01 1 L. I,,:- -+/‘ ‘.% ’ i 

- 4  . 

d2 

! I 
4 -- 

I 
,1 

d 
-L. Y 

FIG. 13 



L 

0 1  1 = tan-' [ 3 ] 
1 + -  

d2 

and 

L 

- 1  
12 lii 

- + -  

Let 

W = the h a l f  width of the s k i r t  

Then from Fig. 1 3 ( B )  

O22 = tan-' {f} 
S i nce 

L = x ' o  cosg 

and 

d = x 'o  sing 
X 

d = L tar@ 
X 

Equations (2.4.47a) and (2.4.4713) can be wr i t ten  as 

L - 

1 [ 1 + tang 

0 1 1  = tan-'  d2 

(2.4.47a) 

(2.4.47b) 

(2.4.47~) 

(2.4.48) 

(2.4.49) 

(2.4. SO) 

(2. k. 5 l a )  



012 tan-' (2-4.5 i b )  

The d is tance  from the  s k i r t ,  L, may be expressed in terms of pos i t ion  in 

t h e  penumbra, a'b" a'x' as 

(2.4.52) 

Using Eqs. (2.4.71, (2.4.9) and (2.4.17) and noting t h a t  

a ' b '  

a ' b '  

= a'o + ob' 

L c J 

but 

D ao = -  d2 5 

so t h a t  from Eq. (2.4-52), (2.4.53) and (2-4.54) 

I 

(2.4- 53) 

(2,4.54) 



. 

w i t h  a'o given in  Eq. (2.4.13) a 'b  

The angles 0 and 012 in  Eq. (2.4.51) can be evaluated f o r  any po in t  I ?  
in  the penumbra using Eq. (2.4.55). The azimuth angle, 022y may be 

expressed as 

- 1  = tan O22 (2.4.56) 

being a constant f o r  any p a r t i -  w i t h  - given by Eq. (2.4.55) and - 
cular  s k i r t .  

L 

d2 d2 

The method o f  so lu t ion  f o r  the d i f f use  s k i r t  i s  as follows: 

( 1 )  For a given D, dl/d2 and incident angle,fi, ca lcu late L/d 

a function of pos i t i on  i n  the penumbra f rom Eq. (2.4.55) 

as $ 2  

(2) Using L/d2 determined in  Step ( l ) ,  ca lcu la te  011 and 0 

Eq. (2.4.51) 

from 22 

(3) For a given W/d2, calculate 022 from Eq. (2.4.56) using L/d2 

from Step ( I )  

(4) Subst i tute pill, 0,2 and 022 from Steps (2) and (3) i n t o  Eq. 

(2.4.46) and evaluate Q' using D and f3 from Step (1). Q' i s  

the r e l a t i v e  energy f l u x  densi ty i n  the penumbra contr ibuted 

by diffuse r e f l e c t i o n  from the s k i r t .  



2.5. Method o f  Analysis - Double Kni fe Edqe 

The shaded surface. considered i s  schematically represented i n  Flg. 14. 

a'  / 
i 

' FIG. 14 

The energy f l u x  densi ty f o r  the double k n i f e  edge i s  obtained by super- 

pos i t i on  o f  the d i s t r i b u t i o n s  corresponding t o  s ing le  k n i f e  edges a t  A 

and B i n  Fig. 14. The penumbra region a ' c '  i s  caused by a k n i f e  edge 

a t  A. While the penumbra region b'e' i s  obtained by considering a kn i fe  

edge a t  B. For c e r t a i n  va ues of d / r  the two penumbrae w i l l '  overlap. . 



L 

g i v i n g  a region of increased i n t e n s i t y  or a "reinforced penumbra". The 

characteri .st ics of the penumbra as d i c ta ted  by the d/r  r a t i o  w i l l  be: 

Two d i s t i n c t  penumbra regions separated by a 
d i s t i n c t  umbra region. 

-1 d c t n  (7) > p :  

-1 d D : No umbra region. Penumbra due t o  kn i fe  edges a t  
A and B overlap r e s u l t i n g  i n  a "reinforced penumbra". c t n  (7) < y  

Let 

Pos i t ion  i n  penumbra for' a s ing le  k n i f e  edge a t  1 a ' x '  

Li 
- =  

I The p o s i t i o n  i n  the penumbra for  the double k n i f e  edge may be expressed 
' 

as a 'x '  i n  terms of  - 
LA 

< 1.0 a ' x '  - 0 5  - 
LA 

Referr ing t o  Fig. 1 I .  

LA = a'c '  

For R >> d 
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e 
and 

a 'e '  = 2ao 
(2.5 4) 

a ' x '  
solving for - yields 

LA 

but due to  symnetry 
I 

- = - I -  oc 20c bc 
ao 2ao .ae (2.5.6)' 

If R >> d, then using s imi la r  t r fapgles 

bc (d - EF)D (2.5.7) 

and a lso . 
2r 
EF - -- 

So that  

bc - 
I . Referring t o  Fig. lk. 

e 

(2.5.9) 

ae = ac + be - bc (2.5.10) 



i 

Since f o r  R > > d 

ac = be = dD 

d D  ae = 2r(:.j:+ 1 )  

and 

d D  - - -  1 
r 2  

r 2  

- - -  bc 
ae -- d D + l  

Substituting Eq. (2.5.12) into Eq. (2.5.5) 

a ' x i  - 
LA 

a ' x  I 

a l e '  
- 

(2.5.11) 

(2.5.12) 

a ' x '  a ' c '  'I:= - < -  , a le  

where 

a lc l  
- I  

a l e '  f ract ion of to ta l  penumbra due t o  k n i f e  edge at.A. 

and from Eq. (2.5.2), (2.5.3), (2.5.4) and (2.5.11) 

{+ + tan,) a ' c l  
a l e '  D d  1 + - -  

2 r  

- = :  

-4s- 



I 
I lo 

c F  . 

a'x' 
I n  Eq. (2.5.13) i s  the actual  pos i t fon  fn the penumbra and 

i s  the equivalent pos i t ion  i n  the penumbra o f  a s ing le edge a t  A. a 'x '  - 
LA 

Now consider the penumbra due t o  a kn i fe  edge a t  B. The @ortion o f  

the actual  penumbra of in te res t  i s  then 

The pos i t ion  i n  the penumbra i s  expressed as 

- =  a ' x '  
a l e '  

e ' x '  o s -  < 1.0 
LB - 

where in  Eq. (2-5.14) 

and 

(2.5.14) . 

e 'x '  - = 
LB 

pos i t i on  in  penumbra due to  a s ing e k n i f e  edge a t  B 
as measured from po in t  e'. 

So?ving Eq. (2.5.14) f o r  - e'x' y ie lds 
LB I 

e'x '  
a 'e '  b 'e '  

(2.5.16) 
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By analogy t o  the solution for 

a ' c '  . < -  t.e., Eq. (2.5.3) a ' x '  
0 L a" - a l e '  

The expression for a l e '  i s  given i n  Eq. (2.5.4) so that  since oe = ao 

and bo = oc 

D d  1 + - -  
a l e '  2 r  - =  
b ' e '  4($- t a n e }  

Substituting Eq. (2.5.18) into Eq. (2.5.16) yields 

d D  1 + - -  
e ' x '  a ' x '  

(2.5.18) 

(2.5.18a) 

I -  



L 

w i t h  

D 1 + p tar$ 

d D  1 + - -  
r 2  

a'b' 
a l e '  
- =  

The pos i t ion  of the conical ax is  i s  given as 

- a ' 0  = ~ { l  + 7 D tanp} 
a l e '  2 

(2.5.19) 

(2.5.20) ' 

The technique used for determining the f l u x  densi ty d i s t r i b u t i o n  

i n  the penumbra o f  a double kn i fe  edge i s  as fol lows: 

(1)  Calculate the f rac t i on  of  t o t a l  penumbra due to s ing le  kn i fe  

f rom Eq. (2.5.13a). a'c '  edge a t  A, - ale '  

determined from step (l), a'c '  a 'c '  a" w i t h  - ale '  
a 'x '  

(2) For 0 2 a" 
calcu late the equivalent pos i t i on  i n  the penumbra o f  a s ing le  

kn i fe  edge, - , from Eq. (2.5.13). a 'x '  

LA 
a 'x '  Calculate the energy f l ux  densi ty corresponding t o  - 

manner ident ica l  t o  that  for a s ing le  k n i f e  edge, i.e., use 

(3) i n  a 
LA 

Eq. (2.3.21), (2.3.25), (2.3.51, (2.3.6) and (2.3.4a). This 

f l u x  densi ty is  the required densi ty a t  a 'x '  

(4) Calculate the s t a r t i n g  locat ion o f  the penumbra due t o  a s ing le  

kn i fe  edge a t  B, - 'Ib' from Eq. (2.5.19). a l e '  

the equivalent pos i t ion  i n  the penumbra o f  a s ing le  k n i f e  edge 

a t  B, - , frm Eq. (2.5.18). 
e 'x '  



e 'x '  Calculate the energy f l ux  densi ty corresponding t o  - f rm L, ( 6 )  
LI 

and using -f3 i n  Eq. a'x'  e 'x '  Step (3 )  replacing - - by 
LA 

(2.3.21 ). 

(7) The energy f l u x  densi ty d i s t r i b u t i o n  i n  the penumbra o f  a double 

kni fe  edge i s  obtained by suirming the f lux  densi t ies obtained i n  

steps (3)  and ( 6 )  f o r  a given locat ion i n  the penumbra, 
a 'x '  
a". 

IMPORTANT NOTE 

A word o f  caut ion i s  i n  order i n  reference t o  the penumbra refer red 

to  i n  step (5). The s ing le kn i fe  edge system described i n  Section 2.3 i s  

- not symmetric w i t h  respect t o  kn i fe  edge o r ien ta t i on  and incident angle. 

A comparison of the k n i f e  edge system o f  Section 2.3 and the system implied 

by step (5) i s  shown i n  Fig. 15. 

FIG. 12 



a 

From Fig. I5(a) it is apparent that the flux density distribution 

corresponding to Fig. 12(b) is identical to the distribution obtained 

in Section 2.3 with the incident angle equal to -8. 

(6) use -8 in Eq. (2.3.21). 

Therefore, in step 

2.6 METHOD OF ANALYSIS - RECTANGULAR CYLINDER 
2.6.1 Diffuse Rectanqular Cy1 inder, Reflectance = 0.0 

The geometry considered is shown in Fig. 16 

'- D 

FIG. 16 
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I 

The so lu t ion  for a rectangular cy l inder  i s  c lose ly  re la ted  to the solut ions 

for a k n i f e  edge w i t h  a sk i r t ,  Section 2.4. Therefore, i t  i s  possible to  

determfne the r e l a t i v e  energy f lux densi ty i n  the penumbra o f  a rectan,gular 

cy l inder  by j u d i c i a l  superpositions of  f l u x  densi ty d i s t r i bu t i ons  i n  penum- 

brae o f  d i f f e r e n t  s ing le  k n i f e  edges. The k n i f e  edges are considered t o  be 

iocared at: each of  the four  corners of the rectangular cyl inder.  

The analysis o f  the rectangular cy l inder  d i f f e r s  from the analysis o f  

the previous shading bodies i n  that a new parameter must be considered. 

This  parameter defines the geometry o f  the rectangle i n  tha t  i t  i s  the r a t i o  

o f  the height t o  width, 7 and w i l l  be ca l led  the "shape factor". 

charac ter is t i c  o f  the penumbra i s  d ic ta ted  not on ly  by the locat ion o f  the 

rectangular cy l inder  r e l a t i v e  t o  the receiv ing surface, but  a l so  by the 

shape factor.  From Fig. 16 for 

h The 

(2.6. l a )  

The penumbra consists o f  t w o  d i s t i n c t  penumbrae separated by an umbra f 

region. For 

(2.6. l b )  

the penumbraw due t o  the l e f t  and r i g h t  sides o f  the rectangular cy l inder  

overlap resu l t i ng  i n  a reinforced penumbra i n  the overlapping region. 

TPrnnrrrsw: 1.. -...yv.u. ~ 1 1 3 1 u e : r  oniy the i e f t  n a i f  s ide o f  the rectangular cy l i n -  ' e--- t -I- - 

der. A de ta i led  view o f  t h i s  ha l f  i s  shown i n  Fig. 17. 

,t t 
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I n  the penumbra region a'P ' the penumbra may be considered due t o  
1 

a k n i f e  edge a t  A. 

may be considered located a t  C. Referring t o  Fig. 17, the pos i t ion  i n  

the actual penumbra i s  expressed as 

I n  the region from P '. t o  t' the apparent k n i f e  edge 
1 

a 'x '  a ' x '  L~ 
a l e '  LA a le '  
- = - -  

where 

(2.6.2) 

and i s  the length o f  the penumbra due t o  an apparent k n i f e  edge a t  A. ! 

The r e f  ore, 

a 'x '  

(2.6.4) 

I f  R > > d, then from Fig. 16 and Fig. 17, t ra jec to r i es  e'E and X ' A  

may be considered para l le l .  Let an orthogonal coordinate system w i t h  i t s  

o r i g i n  on the ax is  o f  the rectangular cy l inder  be or ientated as shown i n  

Fig. 16. The equation f o r  a general ray i s  given as 

7 = m y + h  
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Furthermore, note tha t  the slopes o f  the ray t ra jec to r ies  are given 

by 

1 I 

(2.6.6a) 
- - -  

aIA D/2 
m 

1 
(2.6.6b) 

- - - -  
e'E D/2 

m 

1 
(2.6.6~) - - - -  

e'E D/2 
m - 

%#A - 

Also, the coordinates of po in ts  A, C and E located on ray t ra jec to r ies  

a'A, c'C and e'€, respectively, are given as 

Point  A: YA = r;  t = -h (2.6.7a) A 

zc = h (2.6.7b) Point C:  yc = r; 

YE = -r; z E = -h (2.6.7~) Point E: 

Fran Eqs. (2.6.6), (2.6.7) and (2,6.5), the required ray t ra jec to ry  

equations are given as 

1 a s -  ('),IA D/2 - {? + +} (2.6.8a) 

(2.6.8b) 

(2 . 6.8~) 
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The equation for the receiving surface i s  given as 

z d + y t a @  

Combining Eq. (2.6.9) with Eq. (2.6.8) yields the y intercept of 

i h e  ray trajectories on the receiving surface. 

A l s o  fran Fig. 17 

(2.6. loa) 

(2.6. lob) 

(2.6.10~) 

From Eqs. (2.6.10a) and (2.6.10~) and Fig. 16 

(2.6.11) 

(2.6.12) 
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and from Eqs. (2.6.10a) and (2.6.10b) 

D 
r -  2 
cos@. a 'P1l  = - 

A l s o  from Eqs. (2.6. loa) and (2.6.11) 

d h  - + - + tanf3 r r  
D 

1 - -  9 tanB 

(2.6.13) 

(2.6.14) 

Subst i tu t ing Eqs. (2.6.12), 2.6.13) and (2.6.14) i n t o  Eq. (2.6.4) y ie lds  

the expression for  the equivalent pos i t i on  i n  the penumbra o f  a s ing le  

k n i f e  edge a t  A tha t  w i l l  have the same energy f l ux  densi ty as the actual  

pos i t i on  i n  the penumbra due t o  h a l f  a rectangular cyl inder.  

(2.6. IS) J a'P1 I a 'x '  
0 5 a" - < -  ale' 

w i t h  

(2.6.1Sa) 
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For a po in t  i n  the actual penumbra such that  

The pos i t i on  in the actual penumbra may be expressed as 

a 'x '  a l x '  L~ 
a l e '  Lc a l e '  
- ix -- 

or 

where 

(2.6.16) 

(2.6. 17) 

(2.6.18) 

(2.6.19) 

and i s  the length o f  the penumbra due t o  an apparent k n i f e  edge a t  C. 

Solving Eq. (2.6.18) f o r  - yields 
9 &I  

LC 

a'Pl - a'x'  a ' c '  < -  < -  a l e '  - a l e '  - a l e '  



Fran Fig. 17 for R >> d the ray t ra jec to r ies  a'A and TIC may be considered 

pa ra l l e l .  

cept o f  ray TIC w i th  the receiv ing surface i s  given as 

From Eqr. (2.6.6a1, (2.6.7b), (2.6.5) and (2.6.9) the y in te r -  

Referr ing t o  Fig, 17 

d h  - +  tang 

and 

r -  D h 

cosg 
- C'P1I  = 2 p 1 - - 7 ,  "-1 

tanS 

Subst i tu t ing  Eqs. (2.6.12), (2-6.14), (2.6-22) and (2.6. 

Eq. (2.6.20) y ie lds  

(2.6.22) 

(2.6.23) 

) i n t o  
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-- 

I 

e 

0 

w.i t h  
. 

(2.6,24a) 

and 

a'P1 ' - given by Eq. (2.6.15a) a le '  

Equations (2.6. 15) and (2.6.24) define equivalent pos i t ions for  apparent 

s ing le  k n i f e  edges associated w i th  the  l e f t  h a l f  of  the rectangular cy- 

1 inder. 

Now consider the energy d i s t r i b u t i o n  in  the penumbra due t o  the 

r i g h t  h a l f  of the rectangular cyl inder. The geometry i s  shown i n  Fig. 18. 

FIG. 18 



-... -- . . .1 -- - 

For 

the position in the actual penumbra may be expressed as 

where 
A 

LB - - blil 

(2.6.25) 

(2.6.26) 

' (2.6.27) 

and is the length of the penumbra due to an apparent knife edge at E. 

Referring to Fig. 18 since 

Eq- (2.6.26) may be expressed as 

(2.6.28) 

(2.6.29) 
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- B ' x '  

Solving Eq. (2.6.29) for - 
l B  

Referr ing to Fig. 16 for R >> d, the ray t ra jectory,  b'B, can be considered 

.to be p a r a l l e l  t o  the ray trajectory, a'A, and ray BIB can be considered 

p a r a l l e l  t o  ray e'E. Therefore from Eq. (2.6.6a) and (2.6.6b) 

= -  1 
a'A D/2 

= m  mb 'B 

1 
reo - -  

e'E D/2 
m - 

"'BIB - 

The coordinates o f  po in t  B on r a y  t ra jec to ry  b'B are 

L = h  B Point B: yB = - r; 

(2.6.3 1 a) 

(2.6.3 1 b) 

(2.6.32) 

F r m  Eq. (2.6.31), (2.6.32) and (2.6.5), the equations for ray b'6 and 

B'B are given as 
- 
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I 
Combining Eq. (2.6.33) and (2.6.9) y ie lds  the y in tercept  of  rays b'B and 

BIB w i t h  the receiver. 
- 

From Eq. (2.6.34) and (2.6.35) 

Fran Eq. (2.6.10~) and Fig. 18 

r T  {++ !- tan,) 

D 1 + y tang 
e'P21 = - 

cos@ 

A lso  from Eq. (2.6.34) and Fig. 18 

- 
D 1 + y tanp 

B'P2' = - 
cosp 

(2.6.36) I 

(2.6.38) 
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and from Eq. (2.6. loa), (2.6.34) and Fig. 18 

(2.6.40) 

Subst i tu t ing  Eq. (2.6.12) and Eqs. (2.6.36) through (2.6.40) i n t o  Eq. 

(2.6.30) y ie lds  the expression fo r  the equivalent pos i t ion  i n  the penum- 

bra due to a k n i f e  edge a t  B that has the same energy f l u x  densi ty as 

the po in t  i n  the actual penumbra. 

w i t h  

and 

(2.6.42a) 

-62- 



F i n a l l y  for regions in  the penumbra such tha t  

(2.6.43) 

the pos i t i on  i n  the actual penumbra may be expressed i n  terms of the posi- 

t i o n  of an apparent kn i fe  edge a t  E. 

- -  e t x l  'E - I . . - -  a'x '  
a le '  LE a le '  (2.6.44) 

where 

and i s  the length of the penumbra due to  a kn i fe  edge at'E. 

From Eq. (2.6.44) 

(2.6.45) 

(2.6.46) 

kf  R >> d, then from Fig. 18 and Fig. 16 T'E and ray t ra jectqry ,  a'A may be 

toi;sfdtied Fia;p;. TL-- 1 1 1 C 1 I  s,,, IIUII Eq. (2.6.6s) 

1 
P -  

alA 0/2 
m- = m  E'E (2.6.47) 



.. 

Canbining Eqs. (2.6.47), (2 .6 .7~ )  and (2.6.5) yields 

. (2.6.48) 
1 

- 
The y icterzept of  ray E ' E  and the receiving surface is then (fran Ea. 

(2.6.48) and (2.6.9)) 

From Eq. (2.6.49) and Eq. (2 .6.10~)  

Substituting Eqs. (2.6.50) and (2.6.12) into Eq. (2.6.46) yields 

a'P21 

a l e '  w i th  - being given i n  Eq. (2.6.42b) 

(2.6.49) 

(2.6. SO) 

(2.6.5 1 ) 1 
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. .  

The position of the conical axis in the penumbra Is given by 

a ' 0  'a 1 

ale' ale' 
- 3 -  

a ' 0  D - ale' = 2 (1 i tang} 

(2.6.52) 

The technique used for determining the flux density distribution in 

the penumbra of a rectangular dylinder is as follows: 

(1) Calculate the fraction of total penumbra due to an apparent 

knife edge at A, - , from Eq. (2.6.15a) 
a'P1 I 

ate' 

a'Pl' a'Pl 

(2) For 0 2 a" L ale' determined in step (l), with - 
calculate the equivalent position in the penumbra of a single 

a'x' knife edge, - 

a'x' 

from Eq. (2.6.15). 
LA 

a'x' (3) Calculate the energy flux density corresponding to- in a 
LA 

manner identical to that for a single knife edge, i.e., deter- 

mine- from Eqs. (2.3.21) and (2.3.25) and the relative flux 

density from Eqs. (2.3.5), (2.3.6) and (2.3.h). This flux 

density is the required density at 

eT 
0 

a'x' 

(4j Caicuiate the position o f  the end of a penumbra due to an apparent 

from Eq. (2.6.24a). knife edge at Cy m, a'c' 
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elP1 a 'x' ( 5 )  For a" - < -  ate' - < -  a'c' ate' with the limits defined in steps (1) 

and (4), calculate the equivalent position in the penumbra of a - 
single knife edge at C y  - from Eq.  (2.6.24). 

LC - 
(6) Calculate the energy flux density corresponding to from - 

alx' c 'x' 
step (3) replacing - by - *  

LA :C 
a1P2' 

and - from$ E q s .  (2.6.42a) and (2.6.42b) a'b' (7) Calculate - ate' ale' 
a'Pql a'bt 

a 'x' < -  with the limits defined in step (8) For a" - < -  a l e '  - a l e '  

(7), calculate the equivalent position in a penumbra due to a 

knife edge at 6, - B'x' , from Eq. (2.6.41). 
- 

- 
(9) Calculate the energy flux density corresponding to - B1xt - LB 

step (3) replacing - a'x' by - and using -f3 (see note 
LA 

f ran 

Sect 

(10) For 

on 2.5, p.49 ) in E q s .  (2.3.25), (2-3.51, (2.3.6) and (2.3.4a) 

a'P2' atP21 - ale' - < -  a'x' ale1 - < l with given in step (7); cal- 

culate the equivalent position in the penumbra due to a knife 

edge at E, - e'x' from Eq. (2.6.51). 
LE 

e'x' from (11) Calculate the energy flux density corresponding to L,- 
t a'x' e'x' and use -8 (see note p.49 ) 

step (3), replacing - by - 
LA LE 

in E q s .  (2.3.25), (2.3.5), (2.3.6) and (2.3.4a). 

(12) The energy flux density distribution in the penumbra of a non- 

reflecting rectangular cylirider i s  obtained by sumning the flux * 

densities determined in steps (3), ( 6 ) ,  (9) and ( 1 1 )  for a 

given location in the penumbra, a" atx' 



I 

2.6.2 Specular Rectanqular Cy1 inder, Reflectance = 1 .O  

If the source and the rectangular cylinder have relative positions 

such that (see Fig.  16) 

R>> d + h  

the sides of the rectangular cylinder wil 

specular skirts. Therefore, from Section 

specular sides is such that the rectangul 

a double knife edqe located at 

r r r 

have the characteristics of 

2.4.1, the effect of the 

r cy1 inder may be replaced by 

where 
- 
d 
r 

is a geometry factor associated with a double knife edge - 

d h 
7 r and and - are the geometry factors associated with the rectangular 

cy1 inder. 
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2.6.3 Dif fuse Rectanqular Cy1 inder, Reflectance = 1.0 

For 

R > > d + h  

eac,, s ide of  the rectangular cy l inder  may be considered a d i f f use  s k i r t  and 

the anaiysis of Section 2.4.3 i s  appropriate. Therefore, the r e l a t i v e  f l ux  

densi ty due t o  diffuse re f lec t ion  from the sk i r t ,  Q', may be cal'culated 

using Eq. (2.6.46). However, the angles, 011' 012 and 022 must be redefined 

i n  terms o f  geometric parameters associated w i t h  the rectangular cylinder. 

The geometry considered i s  shown i n  Fig. 19. 

Y 

FIG. 19 
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Fran Fig. 19 for the l e f t  ha l f  o f  the rectangle 

L = x'P1'c0sf3 

dx - tanf%(L + r) 

and, 

(2.6.54) 

a12 * tan-' {e} d + d x  (2.6.56b) 

Subst i tu t ing Eq. (2.6.55) in to  Eq. (2.6.56) y ie lds  

O12 tan- 1 
r L - 

(2.6.58) 

Subst i tu t ing  a'e'cosB from Eq. (2.6.12) i n t o  Eq. (2.6.58) and so lv ing 

for  L/r  



six' a'P1 * 5 a" - < -  aiel 

a'P, ' 
a le '  w i t h  - given i n  Eq. (2.6.15a) 

Referring .to Fig. 19 

h d2 d 
r r r 

+ -  - = : -  

d l  d h 
r r r 
- = - - -  

so tha t  

L - 1 

.r - L 1 t 

(2.6.60a) 

, (2.6.60b) 

(2.6.61 a) 

(2.6.6 1 b) 

L where - d and - h are geometry factors f o r  the rectangular cy l inder  and; 

i s  given i n  Eq. (2.6.59). 

r r 

The azimuth angle may be derived as 



or 

w 
022 = tan-' {+} 

r 

where 

W = hal f  width of the s k i r t  

and - L i s  given by Eq. (2.6.59) r 

For the r ight  ha l f  of the cylinder, i.e. 

a 

L r 

(2.6.62a) I 

(2.6.62b) 

(2.6.63a) 

(2.6.63b) 



7 

w i t h  

t 
r 

(2.6.64) 

alp2 '  

a le '  where - i s  given i n  Eq. (2.6.42b) 

alp2'  

a l e '  - I 

a'x '  i n  evaluating Q' f o r  the region - < 1, note that  3 
must be used in  Eq. (2.4.46). 

2.7 METHOD OF ANALYSIS - CIRCULAR CYLINDER 

2.7.1 Di f fuse Ci rcu lar  Cy1 inder, Reflectance = 0.0 

The general geometry of the system being considered i s  shown i n  Fig. 20. 

(See fo l lowing page.) 

A, C, B and E def ine the points  o f  tangency o f  the extreme rays w i t h  the 

cyl inder.  The t o t a l  length o f  the penumbra i s  given by the in tersect ion 

o f  rays a'A and e ' €  w i t h  the receiving surface. 

I n  Fig. 20 the points on the cy l inder  i d e n t i f i e d  as 

A general po in t  i n  the 

penumbra has an obstructed view of the source. I f  d i f f r a c t i o n  e f fec ts  are 

ignored, a general po in t  i n  the penumbra "sees" tha t  pa r t  of the source 

tha t  i s  defined by a l i m i t i n g  ray tha t  passes through the po in t  and i s  
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FIG. 20 

tangent t o  the cyl inder. Therefore, ,each point in  the  penunbra has an 

obstructed view of  the source due to an apparent k n i f e  edge located a t  

the po in t  of  tangency o f  the l i m i t i n g  ray w i t h  the cyl inder. The energy 

f l u x  densi ty d i s t r i b u t i o n  in  the penumbra o f  a c i r c u l a r  cy l inder  may be 

obtained by determining the location o f  the apparent kni fe edge for each 

point  i n  the penumbra and ca lcu la t ing  the corresponding r e l a t i v e  energy I 

f iux  density a t  that  po int  due t o  tha t  p a r t i c u l a r  apparent kn i fe  edge. 
r 

e 
. .  

73 
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If R << d then the rays a'A and b'B may be considered para l le l .  

Simi lar ly,  the rays e'E and c ' C  amy be considered p a r a l l e l  and the geometry 

used i n  the analysis of the c i r cu la r  Cylinder i s  as shown i n  f ig .  21. p.74a. 

Consider the pa r t  of the cyl inder generating the penumbra region 

a'c'. 

the po in t  and tangent t o  the cyl inder w i l l  have a point  o f  tangency between 

A and C on the cyl inder.  Referring t o  Fig. 21, p.74a, locate an orthogonal 

coordinate system (Y-2) on the cyl inder such tha t  the o r i g i n  of the coordi- 

nate system i s  coincident w i t h  the axis o f  the cyl inder. 

For any po in t  i n  the penumbra from a' t o  c', a ray t ra jec to ry  t o  

Define 

A 
ex = angle measured from the pos i t i ve  Y axis (pos i t ive counter- 

clockwise to  any radius l i n e  perpendicular t o  a ray x ' X  
tha t  i s  tangent t o  the cyl inder. 

From Fig. 21, the charac ter is t i c  of  the penumbra w i l l  be such that  f o r  

-1 
%$ c t n  3 D 

2 
- 

there w i l l  be two penumbrae separated by an umbra region, and for 

- - 
d D  

c t n  -1 1-21 < y D 
I 

the penumbrae due t o  the l e f t  and r i g h t  por t ion  of the cy l inder  w i l l  over- 

lap resu l t ing  i n  a reinforced penumbra i n  the overlapping region. 
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The general equation for any ray given as 

I f  the ray is tangent to the cylinder, the slope of the ray will be 

Furthermore, the coordinate of the tangent points will be 

Yx = r coseX 

Zx = r sineX 

From Eqs. (2.7.2), <2.1.3)-and (2.7.1) the general equation for a ray 

tangent to the cylinder is given as 

r Y + -  
tangX s inex 

I z = - -  

The equation of the receiving surface is given as. 

= d +  Y tanp 

(2.7.4) 

(2.7.5) 

Substituting Eq. (2.7.5) into Eq. (2.7.4) and solving for Y gives the Y 

intercept on the receiver of a general ray tangent to the cylinder 
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Now consider a genera1 point, x, i n  the penumbra region a'c'. 

po in t  x "sees" an apparent kn i fe  edge a t  X, the tangent po in t  o f  ray x 'X  

and the cyl inder. 

received in  the penumbra o f  a s ingle kn i fe  edge a distance dx above the 

surface (measured a t  the conical axis)  a t  a locat ion 
7 a 'x '  
a '2' 

due t o  the k n i f e  edge. 

d may be expressed as 

The 

I n  fact, the incident energy on x '  Is the same as tha t  

-- 
i n  the penumbra 

The pos i t ion i n  the penumbra o f  a kn i fe  edge a t  

X 

For rays a'A 

S ince 

Use o f  Eqs. (2 .7.8)  and (2 .7.6)  yields 

(2 .7.8)  
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(2.7.10) 

For ray e'E 

- D 
2 (2.7.11) ex - Gel = q-+ - 

so that  from Eq. (2.7.11) and (2.7.10), the t o t a l  length o f  the penumbra 

,due t o  the cy l inder  i s  

(2.7.12) 

For ray c*C 

D 
2 ex = BC' = - (2.7- 13) 

and from Eq. (2.7.10) 

2 s i 7  D tar@ + - d sinD 

(2.7.14) 

The f rac t ion  of the t o t a l  penumbra due t o  the sect ion of cy l inder  AC i s  

obtained from Eqs. (2.7.12) and (2.7.14) as 

D d D  t a T  tanp + - sin- 
- =  a'c '  r- 2 
a le '  (I + 7 A s i % -  n l  
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Referr ing t o  Fig. 21, p.74a, consider another orthogonal coordinate 

system (y,z) p a r a l l e l  t o  the Y,Z coordinate system and or ig ined a t  X. 

The equation f o r  a general ray t ra jec to ry  associated' w i th  the apparent 

k n i f e  edge a t  X w i l l  be 

(zIix = yiXtanQi (2.7.16) 

The equation f o r  the receiv ing surface i n  the y,z coordinate system i s  

The y intercept of a general ray and the receiv ing surface i s  obtained 

by combining Eq. (2.7.16) and (2.7.17) as 

dX + r coseXtang 

tanQi - tat@ 
- Y i  - 

For the ray x'X reference t o  Fig. 21 indicates 

(2.7.18) 

so that  Eq. (2.7.18) may be wr i t t en  as 
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Also  for the hypothetical ray, a'X, parallel to ray a'A 

D 
2 * e i  = e-' = 9 0 - -  

and 

From Eqs. (2.7.20) and (2.7.22) and the fact that 

dX = r{.$+ sinex} 

(2.7.21) 

For the hypothetical ray FIX parallel to c'C 

D - g o + -  2 i ei = 

From' Eqs. (2.7.25), (2.7.18) and (2.7.22) 

(2.7.22) 

(2.7.24) 



Subst i tu t ing Eqs. (2.7.241, (2.7. IO), (2.7.12) and (2.7.26) i n t o  Eq. 

(2.7.17) gives an expression fo r  the equivalent pos i t i on  i n  a penumbra 

due t o  an apparent k n i f e  edge a t  X f o r  a po in t  i n  the actual  penumbra 

due to the cy l inder  

a tx i  a 'c '  
0 i a" - < -  age! 

a 'c '  
a e  w i t h  7 given by Eq. (2.7.15) 

It should be noted tha t  by the d e f i n i t i o n  of  ex I Ox i s  a function o f  

a t x g  
a t e #  
- 

For 

a t x g  a ' c l  
O - < -  a t e #  

sine, = e, 
n .. 

(2.7.28) 

D - D (D 5 IS0) (2.7.28a) - 2 -  ex < F '  

Small angle approximations may be used i n  evaluat ing Eq. (2.7.27). Let 
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D D sin- = - 2 2 

D D2 cos- = 1 -r 2 

Substituting Eq. (2.7.29) into (2.7.27) expanding and eliminating 

1 1  3rd order terms (i.e., terms proportional to D 3 DOx 2 2  D Ox, 6x 3 ) 

yields an expression for the'equivalent position in the penumbra of a 

single knife as 

A comparison of Eq. (2.7.30) with Eq. (2.5.13) in the Double Knife 

Edge Section indicates that the expression for equivalent positions In 

penumbrae due to the left half of the cylinder (Eq. (2.7-30)) is identical 

to the expression for the equivalent position in the penumbra of a single 

knife edge which corresponds to the left edge of the double knife edge 

G Eq. (2.5.13)$. Therefore, for the calculation of relative enerqy flux 

density, it is concluded that for small solar field anqle (D < 15 0 ) the 

curvature of the cylinder may be iqnored and the cylinder reduces to a 

double knife edqe located at the diameter of  the cylinder. 
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2.7.2 Specular Cy1 inder, Reflectance = 1.0 

The case o f  the nonreflect ing cy l inder  has been covered i n  a previous 

sect ion and was shown t o  be equivalent t o  s double kni fe  edge i n  so f a r  

as the accuracies being considered here are concerned. 

a specular surface t o  the cyl inder has the e f f e c t  o f  increasing the energy 

f l u x  density both inside and outside the penumbra. 

The add i t ion  o f  

A po in t  on the rece ver i n  the penumbra w i l l  see an image o f  t ha t  

po r t i on  o f  the source wh ch i s  d i r e c t l y  v i s i b l e  i n  the cyl inder. 

problem of f i nd ing  the f ux density augmentation due t o  the specular 

cy l inder  reduces t o  that  o f  f i nd ing  the r a t i o  o f  the angle subtended by 

the specular image t o  that  of the angle subtended by the d i r e c t l y  v i s i b l e  

The 

image. 

re la t ionsh ip  f o r  0/e 

t ions having f o r  t h e i r  basis the  previously used approximation tha t  the 

sine o r  tangent o f  h a l f  the so la r  f i e l d  angle, - i s  equal t o  the angle 

i t s e l f .  eT w i l l  never be greater than the solar f i e l d  angle, and 0 and $ 

w i l l  always be less than OT. 

This r a t i o  i s  B h T ,  as defined i n  Fig. 22, p. 82a. The,defining 

has been derived using some small angle approxima- T 

D 
2 '  

Referr ing t o  Fig. 22 
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Equation (2.7.33) relates 0 ,  $ and V. The next requirement i s  to find a 

relationship between these quantities and BT. Define Ti to be the angle 

between an incident ray and the tangent to the cylinder at the point of 

impingement on the cylinder and y to be the angle between the tangent 

and the reflected ray. 

P 
It follows that 

eT 3 + r l  (2.7.34) 

= - 0 - q  (2.7.35) 

(2- 7- 36) 
Ti = -5  = 0 + *  

Subs t i tut i ng Eq. (2.7.36) into Eq. (2.7.34) 

eT = ~ + 0  

Substituting for 0 from Eq. (2.7.33) 

'T = 2* +'Am 
This expression.may be rewritten as , 

2 VeT *2-${@T+y}$+T = 0 

(2.7.38) 

(2- 7.39) 
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Solving f o r  

The algebiaic s ign of the radical  i s  chosen by not ing tha t  as e i t h e r  r or  

V become very large, $+O, and, therefore, the minus sign i s  appropriate 

, 

Now, solve Eq. (2.7.37) for O/OT and subs t i tu te  for  a from Eq. 

(2.7.40) which gives the f i n a l  expression 

2 J(1 + q} - (3% (2.7.41) - = -  0 1 

OT 3 reT 

As V +O, - 0 - 1 ,  in  which case, the cy l inder  appears as a plane 

0 eT 

r eT 

mirror.  As -+ V O D ,  - 0. 

The re la t ionship between - V and the pos i t i on  i n  the penumbra w i l l  
reT 

now be derived. From the d e f i n i t i o n  of  Ox given on p.74 and Fig. 22. 

v -  

s ince 

D 0 ’  - -  < ex < - 
2 . -  - 2  

(2.7.42) 



Small angle approximation may be used so that 

d 
yx = 1 - - e x  r - -  
r 1 + BXtanp 

A1 so 

e2 = + ex 2 

and 

(2.7.43) 

expanding and eliminating 3rd order term in - D and Ox yields 
2 

d - -  
r e~ I + e t a w  'a* 1 v  

- - I  

0 
'T Y -  e, 

(2.7.46) 
L h 

a'x' 
a'e' ex is obtained by combining Eqs. (2.7.10) and (2.7.12) to form - and 

solving for ex- 

g i ves 

Following this procedure and using small angle approximation 

a'x' a'c' 0 5 - < -  ate' 



I 

~ 
-- - 

- _- - -.- - . *  

a 'c '  w i t h  a" given by Eq. (2.5.13) and, f o r  convenience, repeated below 0 

p {f + tang1 a 'c '  
ale' Q d  1 + - -  

2 r  

- =  

0 

?he fnierpretation of t h e  resu l t  i s  t ha t  the por t ion  of the source 

seen by r e f l e c t i o n  i n  the cy l inder  i s  being viewed a t  a l o w  angle, i.e., 

tha t  po r t i on  of the source appears rotated r e l a t i v e  t o  the receiver about 

an axis p a r a l l e l  t o  tha t  of the cyl inder. 

image h igh l y  ast ignat ic .  

The cy l inder  thus renders the 

Figure 23, p.86ais a graphical ray t race f o r  a large source close t o  

'the cyl inder. The ray t race indicates tha t  the image i s  curved and close to 

the cyl inder. I f  the source in  Fig. 23 i s  reduced t o  a s i t e  consistent w i t h  

those under consideration and i s  placed a t  a great distance from the cy l i n -  

der, the curvature i s  reduced. It seems reasonable t o  ignore the small 

amount o f  image curvature in  any calculat ions. Figure 24, p.86b depicts 

the appearance o f  the image. 

here, the image w i l l  appear to be a por t ion  o f  an e l l ipse.  

Since c i r c u l a r  sources are being considered 

The energy received by re f l ec t i on  may be found e i t h e r  by considering 

tha t  the area o f  the source has been reduced, or tha t  the source i s  being 

viewed by the receiver a t  a 'law angle so tha t  the energy received i s  re- 

duced by the cosine of the angle between the. receiver  and the normal to  

the source. The area of an e l l i p s e  i s  mb, where a and b are the major 

and minor axes of the e!!Ipse, respectIue!y. The siea of a tfi-e:e I s  ra  . 
The r a t i o  o f  the area i s  

2 



7 '  Directly viewed image 

seen 
,index- 

* 

FIG. 23 -86a- 
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Directly visible 
portion of source 

FIG. 24 

L 

Astigmatic image 

Anastigmatic image 
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e Tab b 
2 a 

C r a  

A 

A 
- u - p -  

Referring t o  Fig. 24, p&b, i t  may be seen that  

e A b 
a A 

COS€ 3 - = - 
C 

Also 

a 6 

2 L 
T 
- I -  

0 b 
2 1 
- = -  

(2-7-48) . 

(2.7.49) 

(2- 7.50) 

A '  
b e 0 
a - = - = = A 6T C 

Therefore, the augmentation i n  energy f l u x  density due t o  re f lec t ion  

i s  found by mult iplying the energy f l u x  density a r r iv ing  a t  the receiver 

d i r e c t l y  by the factor  - 0 . 
6T. 
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2.7.3 Diffuse Cylinder, Reflectance = 1.0 

The d i f f use  cy l inder  i s  more a n a l y t i c a l l y  formidable than the . 

d i f f u s e  sk i r t .  

i l luminated by the source, whereas the f l a t  s k i r t  i s  un i formly i l luminated. 

In order t o  determine the augmentation o f  r e l a t i v e  energy f l u x  density i n  

the penumbra due t o  the d i f fuese c i r c u l a r  cyl inder, the in tegra l  of  Eq. 

(2.4.44) must be evaluated w i th  the inclusion of a funct ion o f  0 which 

The reason for t h i s  i s  that  the cy l inder  i s  no t  uni formly 

mathematically describes the varying i l l umina t ion  o f  the cyl inder. The 

inclusion o f  t h i s  funct ion makes the ana ly t i ca l  evaluat ion o f  the in tegra l  

tedious, and consequently, a numerical in tegrat ion technique was used. 

This consisted o f  , t rea t ing  the cy l inder  as being uni formly i l luminated on’ 

f i n i t e  lengthwise s t r ips .  

Obtaining a so lu t ion  t o  t h i s  problem consists 

nat ion of the cy l inder  and then f ind ing  a numerica 

i n f  orma t ion. 

o f  de f in ing  the 

so lu t ion  u t i 1  i z  

1 lumi- 

ng t h i s  

Referring . to  Fig. 25, Eq. (2.1.7) can be evaluated and rearranged as 

- dq12 = cos y 1 9  
*2 

A1 

Where the subscript, 2, re fers  t o  the cyl inder.  

(2.7.53) 



i 

I 
I 

a 
.. .- 

I -  
FIG. 25 
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t 
I 

i o  
I Note tha t  the only portion of the cy l inder  which i s  of in te res t  i s  t ha t  

defined by the l i m i t i n g  rays from the source, and tha t  t h i s  po r t i on  has an 

included angle equal to the solar f i e l d  angle, D. 

= s i n  (eT - ec) 

Since, 

Eq. (2.7.54) w i  11 be approximated as 

COS r = (eT - et) 

The r e f  ore, 

Let 

1 I 1 9  
2 

s =  
r 

(2.7.55) 

(2.7. 57) 



-1 

Utilizing Eq. (2.4.44), the relative energy flux density on the receiver 

may be written as 

022 012 

Q' = {# - +]{e sinBl  COS^] - ta1@sin0~~0~0~)d0~d0~ 7r 

O 0 1 1  

A - is computed from Eq. (2.3.5) and (2.3.6). - i s  obtained from Eq. 

(2.3.h) and (2.3.4) as 

*c 

D At 

(2.7.60) 

Numerical evaluation by means of uniformly illuminated finite ele- 

ments permits Eq. (2.7.59) to be evaluated as 

(2.7.6 1 ) 

I 
I 
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3.0 METHOD OF ANALYSIS - MODULE SOLAR SIMULATION MODELS 

The type of module solar model being considered in this study is 

shown in  Fig. 26 

FIG. 26 

I 

dE must inc?ude only the areas of  direct (and, if applicable, 
where u- 
reflected) i 1 luminat ion. 



The actual solut ions per ta in ing to module so lar  models are implemented 

by use of solut ions obtained for surfaces i l luminated by a un i formly 

rad ia t ing  c i r c u l a r  d isc (Sections 2.3 - 2.7). 

To i l l u s t r a t e  the procedure consider a surface shaded by a k n i f e  

*edge and i l luminated by a module source such as tha t  shown i n  Fig.26 

.5 and a For thks example l e t  -J = 

D 

A eT I 
Define 

= Parameters associated,with the t o t a l  source. 
(See Section 2.3 for  de f i n i t i ons )  

- Parameters associated w i t h  the i t h  module I 
Fran Fig. 26 for  any module 

D a = g  

o r  

(3= 2) 

- . -  



Let 

D Di = 2a = - 3 
- 

SO that  

- 

Referring t o  Fig. 26 , i n  the region 

@T a 1  0 L D L E(=g) 

The cent ro id 'o f  the v i s i b l e  area i s  

I n  the region 

! 

(3.4) 



{2-} = 3, eT 

N 

For t h i s  region the v i s i b l e  area f rom modules N, P and V must be considered 

i n  ca lcu lat ing the centro id  o f  the v i s i b l e  area. 

o f  equal and uniform intensity, the centro id  i s  found using a weighted 

average w i th  the f rac t ion  o f  v i s i b l e  area f rom each module being the 

weighting parameters. 

Since the modules are 

I n  the region 
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In determining the centroid of the visible area modules N, P, V and 

R must be considered. The calculation of ec/D is detailed in Eq. (3.14). 

1 + 2{?} [I + *{%} I +  2 t }  [I 
P, v D P,W R 

e 
for regions such that e} and 8c - 

i D 

(3.14) 

> ..5 - eT 
D 

are found in a similar manner. 

An actual solution i s  obtained as follows: 

(1) a'x '  , calculate eT For a given position in the penumbra, a" 
from Eqs. (2.3.21) and (2.3.25) 

Determine what region for the module source corresonds to the 3' 
found in step (1) and calculate the appropriate e}i for that 
D o  

eT 
(2) 

- eT 



c 

(3) Calculate k}i and e} as ' 

i 

1 1  s i n  3 a 
2 3 a -  s imcosa 

w i t h  

OC (4) Caltculate - using the  equation tha t  i s  appropriate for the D - 
region determined by D @T i n  step (1). (For exanple, i f  D OT 

found i n  step (1) i s  such tha t  'z; 1 D < - 1 use Eq. (3.11) 
6T - 3' 6 

to  ca lcu late D C .) 

(5) Calculate the r e l a t i v e  energy flux densi ty as 

where 

= sum of normalized v i s i b l e  module areas 
I 

and 

- OC was determined i n  step (4) 



C 

4.0 RESULTS AND DISCUSSION 

- 

To ass is t  i n  the fo l lowing discussion and f o r  the sake of c l a r i f i c a -  

t i o n  and consolidation, a consistent set  o f  notat ion w i l l  be adopted i n  

t h i s  section. The notat ion used i s  defined below and p i c t o r i a l l y  des- 

cribed i n  F i g  27a,.p.97a 

A% = Length o f  penumbra 

- =  A0 
A% as a f rac t ion  of t o t a l  penumbra length. 

- x  Ax 
A% of the penumbra as a f rac t i on  o f  t o t a l  penumbra length. 

'E = 

Location o f  conical axis measured from outer edge o f  penumbra 

Location o f  general point  i n  penumbra measured f r a n  outer edge 

Location o f  a general po in t  i n  ghe penumbra measured from the 
AB conical axis as a f rac t ion  of  t o t a l  penumbra length 

A - = Rat io o f  v i s i b l e  t o  to ta l  source area 

. BETA = Incident angle, pos i t i ve  counter-clockwise 

AT 

D = Solar f i e l d  angle 

Distance measured a t  conical axis from receiv-ng surface t o  
bottom o f  s k i r t  or bottom o f  rectangular cyl inder. 

Distance measured a t  conical axis frun receiv ing sur fact  t o  top 

O1 

D2 = o f  s k i r t  o r  cen t io id  of  rectangular cyl inder. 

H = Half  height o f  rectangular cyl inder.  

:= Relat ive energy f l u x  density 
= Flux density i n  penumbra/flux density outside shadow. 

Q' = Relat ive energy f lux density due t o  specuiar o r  d i f f use  r e f l e c t i o n  

R 

w 

= Hal f  width of rectangular cy l inder  o r  radius o f  c i r c u l a r  cy l inder  

= H l ! f  !e!!$!? c?f skirt wt  r>f the p!sm cf the paper 
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DIFFUSE SKIRT 

RECTANGULAR CYLINDER 

FIG. 27a 



I i * 

e 

QB 

a = Radius o f  module 

d = Distance between adjacent module centers 

R 
f3 = Same d e f i n i t i o n  as BETA 

- H = Shape fac to r  for  rectangular cy l inder  

Normalized ang!e ts centreid. o f  v i s i t i e  source area @C n =  
U 

'T - Normalized angle t o  l i m i t i n g  ray t ra jec to ry  def in ing v i s i b l e  
D are.a. 
- -  

011 = Angle measured from the zeni th  from a po in t  i n  the penumbra 
t o  the top of the s k i r t  

012 = Angle measured from the zeni th  from a po in t  i n  the penumbra 
to the bottun of the s k i r t  

= Azimuth angle measured from normal t o  s k i r t  from a po in t  in  
the penumbra t o  the outer edge o f  the s k i r t .  022 

The shading bodies considered may conveniently be c l a s s i f i e d  as 

e i ther  : 

(a) kn i fe  edge w i th  s k i r t  

(b) rectangular cy1 inder 

(c) c i r c u l a r  cy1 inder 

The s ing le k n i f e  edge is a special case o f  the "kni fe edge w i t h  skir t " .  

With Dl/D2 = 1, the "kni fe edge w i t h , s k i r t "  degenerates t o  a s ing le 

kn i fe  edge. 

rates t o  a double k n i f e  edge. 

Similarly, w i t h  HIR = 0, the rectangular cy l inder  degene- 

..- 
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4.1 KNIFE EDGE WITH SKIRT 

Black Skirt - Uniform Source 
Energy flux density distributions in penumbrae corresponding to 

what w i l l  be defined as the basic case, i.e., the case that approximates 

t h e  soiar environment (0 = 0.5”) are presented in Fig. 27 

metric variations in DI/D2. The effect of incident angle and solar field 

angle on the energy flux density distribution in the penumbra of a single 

knife edge (DI/D2 = 1 )  is shown in Figs. 28 and 29, respectively. 

p. 110 for pata- 

To assist in using the relative flux density data it will be useful 

to iocate the position of the conical axis, - 
A0 

location of a general point in the penumbra relative to the conical axis 

in the penumbra. The 

is simply . 

AX A0 xo 
A0 A 0  A0 
- = - - -  

A0 with AB given by Eq. (2.4. 

conical axis. 

X 

(4.1.1) 

being the distance from the 

Figures 30 through 34, starting on p. 113, indicate the maximun deviation 

in relative energy flux density from the basic cases shown in Fig. 27 as 

a function of D and j3. The symnetry of the solutions are such that negative 

incident angles result in negative maximum deviations of the same magni- 

tude as that obtained for positive angles. 

-99- 



4 

Figures 30 through 34may be used in evaluating the exactness necessary 

for simulation of the solar field ang1.e required in solar simulators to * 

reduce the thermal testing errors to an acceptable magnitude. For example, 

.' referring to Fig. 30 p. 113, if a highly decoll imated solar simulator, c. ' I :  

say D = 1So, is to be used, flat surfaces having incident angles (P) less 

than 25O will have relative energy flux density distribution which deviate 

by no more than .Os  from that obtained in an earth solar environment, and 

depending on the accuracy criteria being used, acceptable testing results 

might be obtainable. However, flat surfaces having incident angles such 

that f3 > 60° will have relative energy flux density distributions that 

deviate by a minimum of .IS from that in an earth solar environment ande 

highly inaccurate testing results would be obtained. 

Appendix B, under separate cover, contains a set of tables defining 
0 

the relative energy flux density in the penumbra of a knife edge with a 

- black skirt as a function of position in the penumbra, 

the skirt, DI/D2, incident angle, p, and solar field angle, D. 

AX 
E, geometry of 

Specular Skirt - Uniform Source 

The effect of adding a specular surface (reflectance = 1.0) to the 

skirt is such that the skirt becomes ineffective as a shading body and the 

relative energy density distribution can be obtained by considering a knife 

edge located at the lower edge of the skirt, i.e., located at D1 and using 

the distribution corresponding to a "knife edge with black skirt" in 

Appendix B with D1/D2 = 1.0 
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D i f fuse  Skirt - Uniform Source 

I n  order t o  gain an appreciation o f  the magnitudes o f  the energy f i u x  

dens j ty  a r r i v i n g  a t  a receiver from a d i f fuse  sk i r t ,  i t  w i l l  be he lp fu l  

to  examine some extreme cases. 

' F i r s t :  i t  should be m t e d  frm Eq. (2.4.46) t ha t  the energy f l u x  

densi ty varies approximately proport ional t o  D, the solar f i e l d  angle. 

Consequently, decreasing the solar f i e l d  angle w i l l  reduce the energy- 

f l u x  density received i n  the penumbra from the sk i r t .  

Assume that  the s k i r t  i s  semi-inf inite, that  is, that  i t  extends an 

i n f i n i t e  distance t o  each side, and from the receiver upwards t o  i n f i n i t y .  

Also, as5~me a solar f i e l d  angle o f  Iso, f3 = 0, and 01/02 = 0. Now the 

angles used 

0 

i n  Eq. (2.4.46) becane 

= o  1 

K 
012 = T 

K 
022 = - 2 

and 

.2122 x .26i8 T ( T X  1. - 0) 
T Q' = 

Thus, i t  can be seen tha t  even for a semi - in f in i te  s k i r t ,  the energy f l u x  

densi ty received from the s k i r t  i s  less than 1.4% o f  t ha t  befng.received 



from the source outside the penumbra. in actuality, it should be noted 

that since 011 will always be less than, or equal to one-half the solar 

field angle, the skirt, for all practical purposes, will always appear to 

be infinitely high relative to a point in the penumbra. I f  the skirt has 

a width which Is twice its height, or more, (WD2 - > 1) the skirt will 

appear ts tf;e receiver' to be approximately infinitely wide. 

tion yields a value of  Q' = ,0123 at the outer edge of the penumbra and 

This condi- 

rises to .a1389 at the skirt for the same conditions as above, except 

that'Oll varies from D/2 to 0, and 022 varies from y n D  - y to T 

thus varied by less than .002 from the semi-infinite case. This variation 

Q' has 

will be even less for smaller solar field angles. 

a good approximation for Q' is 

For D1/D2 = 0 and f3 = 0, 

.01389 D 0,- 
(4.1.2) 

i 

The manner in which Q' varies with f3 can be seen by again referring 

to Eq. (2.4.46). Positive f3's will reduce Q' and negative f3's will increase 

Q'. In order to determine an upper limit for Q' when f3 is negative, let 

the skirt be inifinfte in extent and set the other parameters as follows: 

01/02 = 0 

D = 15O 



0 

. -  e 

The ca lcu lat ions y i e l d  

Q' - .01389 x 15.1916 = .2lO9 

The augnentation due to  the s k i r t  has .increased by a factor of 15 canpared. 

?m Q' for B = 0, and now represents a s izable percentage. 

assumption consistent w i t h  the analysis presented i n  t h i s  report  i s  t ha t  

An implied 

the dimension of the p l a t e  normal t o  the plane o f  in te res t  may be consi- 

dered large such tha t  i n  Eq. (2.4.56), W / D ~  * m and 022-~/2. 

Invest igat ion of the enerqy d i s t r i b u t i o n  i n  the penumbra as a function 

of  incident anqle, B, w i t h  022 = n / 2  and Dl/D2 = 0 indicates tha t  the 

d i s t r i b u t i o n  i s  essent ia l l y  uniform. 

energy f l ux  density w i t h  D1/D2 = 0 and D = 15O as a funct ion of f3 i s  sham 

The magnitude o f  the r e l a t i v e  

i n  Fig.35 p.118. I 

I f  the s k i r t  i s  ra ised from the surface, i.e., D1/D2 > 0, the energy 

recelved from the s k i r t  i s  decreased. I f  the receiver i s  horizontal, 

@ = 0, the energy received from the s k i r t  becomes zero a t  the p o i n t  d i r e c t l y  

beneath the s k i r t  ra ther  than reaching the maximum value of .01389 as was 
L 

the case f o r  D1/D2 = 0. 

decreases to  zero rather  than remaining a t  a constant value o f r / 2 .  

The mathematical reason f o r  this i s  t h a t  012 

The phys9cal in te rpre ta t ion  i s  that a po in t  on the receiver d i r e c t l y  

beneath the s k i r t  can no longer see the i l luminated surface of the sk i r t .  

This does not happen when D1/D2 = 0, since the receiver and the s k i r t  

become coincident a t  tha t  point, and Q' becmes tk max!mm valiie 08 the 

r e l a t i v e  energy f l u x  densi ty being radiated a t  the surface o f  the sk i r t .  



Figure 35 p. 118 indicates tha t  for incident angles greater than - 60° 

(f3 > -60') less than -05 augmentation i n  r e l a t i v e  energy f l u x  densi ty 

due to d i f fuse  r e f l e c t i o n  from the s k i r t  i s  possible. 

As previously noted, var iat ions i n  r e l a t i v e  energy flux densi ty due 

t o  d i f f u s e  r e f l e c t i o n  from the s k i r t  are approximately proport ional  to D 

so tha t  Q' i n  Fig. 35 represents maximum augmentations for  the range'of 

so la r  f i e l d  angles considered in  t h i s  report. 

4.2 RECTANGULAR CYLINDER 

Black Rectanqular Cy l inder  - Uniform Source 

As pointed out in  Section 4.0, the rectangular cy l inder  degenerates 

t o  a double k n i f e  edge for H/R = 0. Figure 36 , p.119 shows the e f f e c t  

of the shape factor, H/R, on the r e l a t i v e  energy f1,ux densi ty i n  the penum- 

bra o f  a rectangular cy l inder  for a hor izonta l  receiver (f3 = 0) and a so la r  

f i e l d  angle o f  15O. 

factors (H/R) considered, the shape factor  does no t  s i g n i f i c a n t l y  ef fect  

the energy d i s t r i b u t i o n  from tha t  corresponding to  a double k n i f e  edge 

(H/R = 0). 

s i g n i f i c a n t  parameters, a double kn i fe  edge w i l l  be used. 

so la r  f i e l d  angle and pos i t i on  of the double k n i f e  edge on the energy 

d i s t r i b u t i o n  i s  shown i n  Figs. 37 

The e f f e c t  o f  incident angle on the d!strIbutlsn Is shown i n  Fig. 39 p.122. 

Referr ing t o  Fig.36, note tha t  f o r  the rarrge of shape 

Therefore, i n  order to  determine the e f f e c t  o f  some o f  the other 

The e f fec t  of 

and 38 (pp.120 and 121) respectively. 



0 

a 

TO ass is t  in  using the re la t i ve  f l u x  density data, i t  w i l l  be useful  

-3 locate the pos i t i on  of  the conical ax i s  i n  the penUmYrar - The AB 

locat ion of a general po int  i n  the penumbra i n  terms of the distance fran 

the conical axis i s  given by Eq. (4.1.1) w i t h  AB given by Eq. (2.6.53). A 0  

Appendix B, under separate cover, contains a set o f  tables de f in ing  

the r e l a t i v e  energy f l u x  density in  the penumbra of a black rectangular 

cy l inder  as a function o f  pos i t ion i n  the penumbra 

H/R, locat ion of the rectangle re la t i ve  t o  the receiver, D2/R, inc ident 

angle, p, and solar f i e l d  angle, D. 

AX shape factor, ,AB, 

Specular Rectanqular Cylinder - Uniform Source 

The e f f e c t  o f  adding a specular surface (ref lectance - 1.0) Is such 

tha t  the sides of the rectangle become ine f fec t i ve  as shading surfaces, 

i.e., resul ts  are independent o f  H/R and the r e l a t i v e  energy densi ty can 

be obtained by considering a double kn i fe  edge a t  01, the lower edge o f  

the rectangular cyl inder. 

specular rectangular cy l inder  may be determined using Appendix 5 and the 

d i s t r i b u t i o n  f o r  a black rectangular cy l inder  w i t h  H/R = 0 and D2/R = Ol/R. 

The energy d i s t r i b u t i o n  corresponding to a 

Di f fuse Rectanqular Cy1 inder - Uniform Source 

Each d i f f u s e  side of  , the rectangular cy l inder  w , i l l  have the charac- 

t e r i s t i c s  o f  a d i f f use  s k i r t  (see Section 4.1). Therefore, fw porl t ive 

inc ident angles (p 2 0) the energy augmentations due t o  the l e f t  dif fuse , 

I 
face of the rectangle w i l l  be neg l ig ib le  (less than 1.4%). A s im i la r  



I 

condi t ion ex i s t s  for  f3 < 0 In  reference t o  the riqht d i f fuse  face of  the 

rectangle. 

the .a augmentation due t o  d i f fuse re f l ec t i on  from e i t h e r  face i s  possible. 

Furthermore, from Fig. 35, p. I18 f o r  -60° < a < +60° less 

4.3 * t,inCuLAR '.. CYLINDER 

Black Ci rcu lar  Cylinder - Uniform Source 

The analysis of Section 2.7.1 indicated that the c i r c u l a r  cy l inder  

degenerated t o  a double kn i fe  edge located a t  the diameter o f  the cy l inder  

i n  as f a r  as the energy d i s t r i b u t i o n  in  the penumbra was concerned. 

resu l t  i s  r e a l l y  not too surpr is ing since, by reference t o  Fig. 21, p. 74a, 

the e f fec t i ve  por t ion  of the cy l inder  (ACBE) can be approximated by a 

rectanqular cy l inder  w i t h  a shape fac to r  given by 

This 

D 
D R -  ti 2 

R R 2 
- =  - = -  

Since D < - 15' (.2618 radians) 

H - < .1309 R -  

An ind icat ion o f  the e f f e c t  of t h i s  shape' factot  i s  given i n  Fig. 36, 

p.119 where it i s  seen that  the cy l inder  c losely  approximates the double 

knife edge, 

. 
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Specular Cy1 inder - UnIform Source 
In the analysis of the specu 

geometry uf the cylinder and rece 

angle is limited by 

ar cylinder it has been assumed that the 

ving surface is such that the incident 

The development of Section 2.7.2 indicates that the percent wgmen- 

tation in energy i s  directly proportional to the factor O/eT. 'From Eq. 

(2.7.41) and Fig. 22 it is seen that the critical paraneter for any given 

point in the penumbra is the position of the cylinder relative to that point. 

Unless the point at which the flux density is of interest is nearly tangent 

to the reflecting surface, the increase in energy will be negligible. For 

example, a horizontal receiver (0 = 0) illuminated by a uniform source 

with D = 15 

about 3% at a distance of one cylinder radius (D2/R = 1) .  

is raised from the surface such that D2/R = 10, and the surface remains 

0 will experience a maximum increase in energy flux density of 

If the cylinder 

horizontal, the augmentation decreases to about 1%. Furthermore, with 

D2/R = IO, unless the receiver has an attitude such that 8 is less than 

-83O, less than 3% augnentation i s  possible. 

energy flux density distribution due to specular reflection and direct 

irradiation is shown in Fig. 40, p. 123. 

A comparison of the relative 

The reason for the relatively small energy augmentation due to specular 

reflection from the cylinder as compared to the specular skirt is the posi- 

tive curvature of the cylinder and the resulting divergence of the reflec- 

ted rays. 
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Diffuse Cylinder - Uniform Source 
It i s  apparent from Eq. (2.4.44) and (2.7.59) that it i s  the angles 

subtended by the diffuse source relative to the receiver that is of pri- 

mary importance in determining the extent of relative energy flux density 

augnentation in the penumbra. It is to be expected then, that just as the 

augmentation is relatively high in the case of the diffuse skirt when the 

receiver is rotated to large negatiueangles, the augmentation is also 

going t o  be significant under similar circumstances for the diffuse cylin- 

der. 

cylinder, the augmentation is approximately 11%. This calculation, 

which resulted in the upper limit in terms of specular augnentation, was 

made assuming that the cylinder is infinitely long, that the solar field 

When the receiver i s  at an attitude of -82.5' and is tangent to the 

angle is 15O, and for 5 uniformly illuminated strips on the pertinent 

portion of the cylinder. 

closer to the vertical portion of the cylinder, the augmentation would 

approach that of the flat skirt, 21%. 

1 inder reflects the effect of the curvature of the cy1 inder surface. 

greater illumination of the upper portion of the cylinder is compensated 

for by the fact that the receiver sees that portion of the cylinder at 

low angles while the illumination of the lower portion of  the cylinder 

decreases to zero. Therefore, only a small portion of the Cylinder is 

effective in radiating energy to the penumbra. 

Hypothetically, if the receiver could be placed 

The lower augnentation for the cy- 

The 

Another calculation was made for a receiver angle of (3 = -70°. The 

augmentation proved to be approximately 0.3% for this case. Thus, the 



augnentatfon decreases very rap id ly  as the receiver angle decreases. 

This i s  t o  be expected, since the angle subtended by the por t ion  o f  

the cyl inder.which i s  rad ia t ing  to the penumbra decreases rapidly, a t  

f i r s t ,  as the receiver i s  moved away. 

Therefore, i t  i s  concluded that for a l l  but  the cases in which the 

receiver i s  tangent t o  the re f l ec t i ng  por t ion  o f  the cylinder, the in- 

crease i n  re la t i ve  f l u x  density due t o  specular re f l ec t i on  w i l l  be ne- 

1 ig ib le .  

4.4 SINGLE KNIFE EDGE - HODULE SOLAR SOURCE 

Using the p r i n c i p l e  o f  .the replacement o f  a sourke by an equivalent 

po in t  source located a t  the centroid o f  the visib1.e area, the module 

source may be represented by a vector having a magnitude o f  A/% and 

d i rec t i on  tlc/D. The var ia t ion  of area rat io,  A/%, and angular cent ro id  

s h i f t ,  6JD, f o r  the module solar model considered i n  tHis  report  is  

shown i n  Figs.”41 and 42, pp: 124 and 125. 
+. 

< 

A canpar i Sbn o f  re  1 a t  i ve energy f 1 ux dens i t y  d i o t r i but i ons cor res- 
b j  

ponding t o  uniform and module solar s imulat ion models i s  presented in  

Fig. 43 and 44 6n pp. 126 and 127. 

As one would expect, the so lut ion f o r  the module solar models 

represent pe r t t rba t i on  about the solut ions corresponding t o  a uniform 

source. HOwejver, even f o r  the  extreme case o f  a/d = .25, the maximum 

deviat ion i n  the d i s t r i bu t i ons  corresponding t o  uniform and module solar 

models i s  less than .07 i n  re la t i ve  energy flux density. 
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Ff9,35=Effect Of Skir t  Geometry On the Relat ive Energy Flux Density 
AugaentatfOn Due t o  a Diffuse Skirt' with Reflectance - 1.0 
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FIG. 41. Comparison of  Visible Area and Angular Centroid Shift for Module and 
Uniform Solar Models, a/d = .5 - 124- 



FIG. 42. Canparison of V i s i b l e  Area and Angular Centroid S h i f t  for  Module and 
Uniform Solar Models- a /d  ? E  
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EFFECT 

In  the 

APPENDIX A 

ON SOLUTIONS OF A KNIFE EDGE FIXED AT THE CONICAL A X I S  

AS COMPARED TO A VARIABLE POSITION KNIFE EDGE 

so lu t ion  o f  shaded surface problems, use has been made of 

equations per ta in ing to  a s ing le  k n i f e  edge (Eqs. (2.3.1) through (2.3.6)). 

The solut ions obtained using these equations correspond t o  r e l a t i v e  energy 
I 

f l u x  density a t  a po in t  i n  the penunbra as the kn i fe  edqe i s  moved across 

the receiver. However, for  other shaded surfaces, the k n i f e  edge i s  con- 

sidered f i xed  a t  the conical axis and energy f l u x  density d i s t r i bu t i ons  in  

the penumbra are determined. 

The use of the s ing le k n i f e  edge equations w i l l  introduce an e r ro r  

because o f  the angular dif ferences involved f o r  solut ions corresponding to 

a f i x e d  po in t  i n  the penumbra as canpared t o  a moving po in t  i n  the penumbra. 

A comparison o f  the two conditions i s  shown i n  Fig. A l .  (See next page.) 

Fran Fig. AI, po in t  P and point  x "see" exact ly  the same f ract ion of 

the ' total  source area. However, the angle between the power vector and 

surface normal vector are d i f ferent .  Referr ing t o  Fig. Al, the angles 

between the power vectors and surface normal vectors are given as 



FIG. Al: 

From geanetry 

ox = ab - ao - xb 

For R > > d 

D d -  2 ab = - d 1 - F  

ab ao = - 2 

c 



P 

* 

0 

and 

xb = 4 ab 

i s  the f rac t ion  of the t o t a l  source area seen by x, A 

where % 
Subst i tu t ing Eqs. (A4), (AS) and (A6) I n t o  Eq. (A3) and combining 

Eq. (A3) and (A2) y ie lds 

and for R > > d, Eq. (A7) reduces t o  

f o r  a f i xed  po in t  i n  the penumbra as compared t o  a mov 

g i b l e  and the cosine o f  the angle between E and d4 

Therefore, for  R >> d, the angular dif ferences associated w i t h  solut ions 

ng point are negl i -  

can be taken as 

L 
A corresponds t o  a given - where - C 

e 
for  the s ingle kn i fe  edge. 

% 
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R E W T I V E  ENERGY FLUX DENSITIES 

OF VARIOUS SHADOWING 
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